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ABSTRACT. We describe the necessary and sufficient conditions for two sequences {p, }22
and {a,}>2, to be correspondingly the set of eigenvalues and the set of norming constants
of a Sturm-Liouville problem with real summable potential ¢ and in advance fixed separated

boundary conditions.
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1. INTRODUCTION AND STATEMENTS OF THE RESULTS

Let us denote by L(q, «, 5) the Sturm-Liouville boundary-value problem

(1.1) ty=—y"+q@)y=py, v€(0,7), peC,

(1.2) y(0)cosa+y'(0)sina =0, «€ (0,7,

(13) y(r)cos § +y(m)sinf =0, B e 0,m),

where ¢ is a real-valued, summable function on [0, 7] (we write ¢ € L [0, 7]). By L(q,a, )

we also denote the self-adjoint operator, generated by problem (1.1)-(1.3) (see [1]). It is
well-known, that under these conditions the spectra of the operator L(q, «, 5) is discrete and
consists of real, simple eigenvalues (see, e.g. [1, 2, 3]), which we denote by p, = u,(q, @, 8) =
N(q,a, ), n =0,1,2,..., emphasizing the dependence of p, on ¢, @ and 3. We assume

that eigenvalues are enumerated in the increasing order, i.e.,

po(q, o, B) < pa(q, @, B) < -+ < pnlgq, o, B) <

In this article we consider the case a, 5 € (0, 7). It is connected with the circumstance,

that in this case the principle term of asymptotics of A, = /i, is n and the principle term

s
of asymptotics of norming constants a,, (see below (1.4) and (1.7a),(1.7b)) is 5 The other
three cases: 1) a =m, 5 € (0,7), 2) o € (0,7),8 =0, 3) a =7, =0, need a separate
investigation and we do not concern it here.
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Let o(x,n) = p(z, pu, «,q) and ¥(x, u) = ¥(z, 1, 5,q) are the solutions of the equation
(1.1), which satisfy the initial conditions

(0, p,0,q) =1, ¢(0,p,0,q) = —cota,
w(ﬂ-7u757Q>:17 w/(ﬂ-aﬂvﬁaq):_COtﬁ7

respectively. The eigenvalues i, = u,(q,, ), n =0,1,2,..., of L(q, a, B) are the zeroes of

the characteristic function

A(p) = p(m, p, o, q) cot B+ @' (7, 1, 0, q) = — (¥(0, w, B8, q) cot e + (0, 1, 8, q)) -

It is easy to see that functions ¢, (x) = @(x, pn, a, q) and ¥, (z) = P(x, pn, B,q), n =
0,1,2,..., are the eigenfunctions, corresponding to the eigenvalue p,. The squares of the

L?-norm of these eigenfunctions:
(1.4) an = ay(q, a, fB) = / lon(2)Pde, n=0,1,2,...,
0

(1.5) by = bo(q, @, B) = /Oﬂ (@) Pdz, n=0,1,2,...,

are called norming constants. The sequences {1, 152, {a,}22, and {b,}°, are called spec-
tral data. The famous theorem of Marchenko (see [4, 5]) asserts that two sequences { i, }°2,
and {a,}>%, (‘or {u,}22, and {b,}2>,) uniquely determine the problem L(q,«, 3) .
In this article we state the question:
What kind the sequences {p,}22, and {a,}>°, should be, to be the spectral
data for a problem L(q,a, 3) with a ¢ € L}[0, 7] and in advance fixed o and
S from (0,7)?

Such a question (but without the condition of fixed o and § and for different class of
potential ¢ instead of our ¢ € L}[0, 71]) was considered first by Gelfand and Levitan in work
[7] and after in many papers (we refer only some of them: [8, 9, 10]) and this problem called
the inverse Sturm-Liouville problem by ”"spectral function” (see also, e.g. [11, 12]).

Our answer to above question is in the following assertion.

Theorem 1.1. For a real increasing sequence {\2}°2, and a positive sequence {a,}°°, to be
spectral data for boundary-value problem L(q, v, B) with a q € LL[0, 7] and fived o, B € (0, )
it 1s mecessary and sufficient that the following relations hold:

1) the sequence {\,}>2, has asymptotic form

W
(1.6a) Ap=n+ —+1,,
n
'Recently Ashrafyan has found a new kind of extension of Marchenko theorem, see [6].
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where w = const,

1
(1.6b) l,=o0 (ﬁ) ,  when n — o0,

and the function [(-), defined by formula
(1.6¢) l(z) = Z L, sinnz,
n=1
is absolutely continuous on arbitrary segment [a,b] C (0,27), i.e.

(1.6d) l € AC(0,2m);

2) the sequence {a,}2, has asymptotic form

T
(1.7a) ay, = §+sn,
where
1
(1.7b) Sp =0 (—) ,  when n — oo,
n
and the function s(-), defined by formula
(1.7¢) s(z) = Z Sp COS NI,
n=1

is absolutely continuous on arbitrary segment [a,b] C (0,27), i.e.
(1.7d) s € AC(0,2m);

3)
(1.8) a—o—;ﬂLZ(a—n—;):cota,

n=1
4)
) 1 i a,n 5
(1.9) (w T, o) LT 2 ((W[Mo T )’ - ;) = — cot j3.

In what follows, under condition (1.6) we understand the conditions (1.6a)—(1.6d) and
under condition (1.7) the conditions (1.7a)—(1.7d).

To prove Theorem 1.1 we use the following assertion, which has independent interest.
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Theorem 1.2. Let ¢ € L}[0,7] and o, B3 € (0,7). Then for norming constants a, =
an(q,, B) and b, = b,(q, o, B) the following relations are valid

1 1 ° 1 2
1.10 N XX__ﬁ: to,
( ) . 7T+n:1 - cot o
1 1 | 2
(1.11) b—o—;—F E <E_;> :—cotﬂ.
n=1

Similar results we have obtained in [13] for the case ¢ € L3[0,7]. In that case instead of
(1.6) we had

w Wn,
(1.12) Ap=n+ —+1,, where [,=—, {wa 322, € 12,
n n
and instead of (1.7) we had
™ Kn
(1.13) an = 5+ 5n, where s, = —, {kn o2, € I°.
n

The aim of this paper is to show that when we change the condition ¢ € L[0,7] to
q € L]0, 7|, we must change (1.12) by (1.6) and (1.13) by (1.7). We should say, that the
asymptotics (1.6) and (1.7) have the roots in paper of Zhikov [9]. Also we must note that
conditions (1.9) and (1.11) are equivalent. It is a corollary of the fact, that norming constants
by, = bu(q,, ), n=0,1,2,..., (see (1.5)) can be represented by spectral data {1, }5°, and
norming constants {a, }>°, by the formulae (see [13])
1 agp

bo w2 ([I2, )™

(1.14)

1 an,n*

(1.15) b 2( TT® tr—pn |2’ n=b2....
n T [MO_Mn] (Hk:l,k;ﬁn k2 )

In the same time Theorem 1.2 stay valid if we change the case ¢ € L[0,7] to the case
q € Lg[0,]

The inverse Sturm-Liouville problem with fixed o and 3 from (0,7) and ¢ € L0, 7] was

investigated in [14], and for the case a = 7, f € (0,7) in [15], in original statement of
a question, and the solution of these problems the authors reduced to analysis of inverse
Sturm-Liouville problem with Dirichlet boundary conditions (y(0) = 0, y(w) = 0, which
corresponds to a = 7, # = 0), which was in detail investigated in book [16]. We can say, that
the problems, solved in [14, 15], are not the inverse problems by ”spectral function”, but these
problems are deeply connected with the inverse problems by ”spectral function”, and [14, 15]

play an important role in development of inverse problems. After, the authors of paper [17]
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was studied the solution of inverse Sturm-Liouville problem L(gq, 7, 8) (i.e. « =m, f € (0,7))
with ¢ € L]0, 7] in terms of eigenvalues and ”norming constants” {1, }°°, (see (1.3) in [17]),
which they introduced for this case 2. They proved that the condition (1.11) is necessary for
norming constants b,(q, 7, 5) (see (1.5)). They also proved that the conditions (1.10) and
(1.11) are necesssary for norming constants of problem L(q, «, 3), if sina # 0 and sin 3 # 0.
Really they formulated these relations in terms of "norming constants” {v,,}°,, but it is
easy to verify that these formulations are equivalent. Thus, Theorem 1.2 was proved, for the
case q € L0, 7], with different methods, in [17] and [13]. It is easy to see that these proofs
remain the same for the case ¢ € L§[0, 71]. It is also must be noted, that the relations (1.10)
and (1.11) come from the paper [18] of Jodeit and Levitan.

Note that asymptotic behavior of {u,}>°, and {a,}>2, are standard conditions for the
solvability of the inverse problem (see, e.g., [7, 8, 9, 12]). The conditions (1.8) and (1.9),
which we add to the conditions (1.6) and (1.7), guarantee that o and /3, which we construct
during the solution of the inverse problem, are the same that we fixed in advance. At the
same time Theorem 1.2 says that the conditions (1.8) and (1.9), which equivalent to (1.10)

and (1.11) are necessary.

2. AUXILIARY RESULTS

Consider the function a(x), defined as

> [ cosA,x cosnx
21) a<x>=2< Sk )

0

0
0
where ay =7, a, = 2,f01rn—1,2,....

Lemma 2.1. Let the sequences {\,}>2, and {a,}5°, have the properties (1.6) and (1.7)
correspondingly. Then a € AC(0,27).

Proof. We set

n

w 1
(2.2) Pn=A—n=—+1,=0|—-].
n
The general term of the sum (2.1) can be rewritten as follows

2We should say, that this ”norming constants” had been introduced before in paper [19], and corresponding

uniqueness theorem (see theorem 2.3 in [17]) had been proved in [19] (see theorem 3).
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COS )\nZE cosnx COS )\nl' cosnx cOosS nx cosnx

2.3 _ _ _ _ _
(2:3) . ad . . + ay, ad
1 1 1
= —(cos \yz — cosnz) + | — — — | cosnz.
an a/TL a/n
So we can rewrite the series (2.1) in the following form
(2.4) a(x) = ; o (cos A\px — cosnx) + ; o @ COS NT.

The difference (cos A,z — cosnx) can be represented as follows

(2.5) cos A,z — cosnx = cos(n + pp)x — cosnx =
= COSNT COS P, x — SIN N Sin P, — COSNT =
= —cosnx(l — cos p,z) — sinnzsin p,r =
g Pnt

= —2sin TCOS nx — pprsinnx — (sin p,x — p,x)sin nx

1 1
and for the difference (— — —) we have

a, ad
ve 11 1 1 2 s, 9
: — = == ——=—= =——"Sy+ Qn,
(2:6) an ad  S+s, 3§ T 1+ 3s, 4

1
where ¢, = o (—2> . From the latter relation (2.6) it follows, that for sufficiently large n we
n

have

1 1 1 2 1
(2.7) —=—Gtol-)==-tol|—].
a, al n ™ n

And then, according to the relations (2.2) and (2.7), we obtain

2 1
™ n

1
(2.8) —(—pnz)sinne =

n

1
where r,, = 0 <—> .
n2

w

—+1,| xsinnr =
n

2 sinnx 2 ) )
= ——Wx — —l,xsinnx + r, sinn,
T n s
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1
Since p, = O (—) and siny —y = O (n?) for y close to zero, then
n

(2.9) sin p,x — ppx = O ((pna:)g) =0 <i> ;

2 Pn? Pn — i
(2.10) sin 5 =0 <2> —O<n2>.

Thus, taking into account the relations (2.5)—(2.10) we can rewrite the function (2.4) as

follows
a(z) = ai(z) + az(2),
where

2wr . sinnx

a(x) = — - Z

——g lsmm:——g Sp COSNT,

n=1
g — (sin ppx — ppx) sinnr — E —sin® ——cos nx+
an, an, 2
n=1 n=0

[ee] o
+ E qn COSNT + g Ty SINNI.
n=0 n=1

o Sinnr T —x
Since the first sum )~ , =—5 for x € (0,27), then, in particular, it belongs

n
to AC(0,27), and the second sum > | I, sinnz also belongs to AC(0, 27) according to the
condition (1.6d) of the lemma. In its turn the sum Y~ s, cosnz belongs to AC(0,2m)

according to the condition (1.7d) of the lemma. The other four sums of as(z) converge
absolutely and uniformly on [0, 27] and are continuous differentiable functions, and hence
belong to AC(0, 27).

These complete the proof. 0

Lemma 2.2. Let the sequences {\,}>>, and {a,}>>, have the properties (1.6) and (1.7),
(1.8) correspondingly. Then the function F, defined in triangle 0 <t <z < m by formula

ad ( CcOS A\, COS A,t  COS NI COS nt)
)

(2.11) F(z,t) =)

0
a a
n=0 n

n

1s absolutely continuous function with respect to each variable and function

d
f(@) = —F(a.)

is summable on (0,7), i.e. f € L'(0,7).
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Proof. Tt is easy to see that

1
(2.12) F(z,t) = 5 la(x +1t) +a(z —1)].

Since, a € AC(0,27), then we can infer that the function F'(z,t) with respect to both of the
variables has the same smoothness as a(z). For the functions F(z,z) we have

(2.13) F(z,z) = =[a(2z) + a(0)] .

1
2
According to (1.8) and (2.1)

e 1 1
a(0) = Z (a_ — a_0> = cot a,

n=0

for a € (0, 7). Hence a(0) has a sense and, therefore, F'(z, ) too. Besides this

2.14 d F Ld 2

(2.14) (@) = 5--al2z),

and since a € AC(0,27), then the function a(2z) belongs to AC(0,7), and its derivative
d

belongs to LL(0,7), i.e. the function d—F(x, r) belongs to L} (0, 7). O
T

3. PROOF OF THE THEOREM 1.1

The proof of necessity. If {\?}°° are the eigenvalues and {a,}>, are the norming
constants of the problem L(q,a, 3), then for pu, = A2 the asymptotics (1.6) was proved
in [20], and for a, the asymptotics (1.7) was proved in [21]. The necessity of connections
(1.8) and (1.9) was proved in [13] for ¢ € L}[0, 7], and the same proof is true for the case
q € L[0,7].

The proof of sufficiency. In [8] there is a proof of such assertion:

Theorem 3.1 ([8]). For real numbers {\2}°°, and {a,}2, to be the spectral data for a
certain boundary-value problem L(q,, ) with ¢ € LL[0,7], (o, 8 € (0,7)), it is necessary
and sufficient that relations (1.6a)—(1.6b) and (1.7a)—(1.7b) hold, and the function F(-,-)

has partial derivatives, which are summable with respect to each variable.

Thus, if we have a real sequence { i, }°°, = {\?}°°,, which has the asymptotic representa-
tion (1.6a)—(1.6b) and a positive sequence {a, }>°,, which has the asymptotic representation
(1.7a)—(1.7b), then, according to the Theorem 3.1, there exist a function ¢ € L§[0, 7] and

42



some constants 07,3 € (0,7) such that A2, n = 0,1,2,..., are the eigenvalues and a,,
n=20,1,2,..., are norming constants of a Sturm-Liouville problem L(q, &, 5)

The function ¢(x) and constants d,B are obtained on the way of solving the inverse
problem by Gelfand-Levitan method. The algorithm of that method is as follows:

First we define the function F'(x,t) by formula

(3.1) F(z,t)=)_

n=0
Note that this function is defined by {A,}2%, and {a, }>°, uniquely. Then we solve Gelfand-
Levitan integral equation [4, 7, 8, 12]

an, al

©© ( COS A\, COS A\t €OSNnx cos nt>

(3.2) G(z,t) + F(z,t) +/ G(z,s)F(s,t)ds =0, 0<t<ux,
0
where G(x, -) is unknown function. Find function G(z,t), with the help of which we construct
a function
(3.3) o(x, \?) = cos Az + / G(z,t) cos Atdt,
0

which is defined for all A € C. It is proved (see [8]) that

(3.4) —" (2, %) + (2%G(m,x))gp(x, N2) = N2p(z, A2),
almost everywhere on (0, 7), and
p(0,2) =1,

©'(0,2%) = G(0,0).
If we denote
(3.5) G(0,0) = —cot &,
then the solution (3.3) of equation (3.4) will satisfy the boundary condition (1.2)

©(0,\*) cot @+ ¢'(0,\*) =0

for all A € C. Since from (3.2) follows that G(0,0) = —F(0,0) and from (3.1) follows that
> 1 1
F(0,0) = Z (a - @), hence we get

n=0

(3.6) i (ai — ai()) = cot .

n=0

From the relation (3.6) and our condition (1.8) on the sequence {a,}>°, we find that & = a.
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It is also proved (see, e.g., [8]) that the expression

pn(m)  (m, \)
pnl(m) (A7)

is a constant (i.e. does not depend on m), which we will denote by —cot 5. Thus the

functions ¢(z,A\2),n = 0,1,2,..., are the eigenfunctions of a problem L(q,d,@), where

q(z) = 2d—G(:c, x), & is in advance given a and we should have 3 equals 3. We know from
T

the Theorem 1.2, that for problem L(q, v, B) it holds

1 1 ad 1 2 ~
— —— 2] = —cot .
bo 7r+;(bn 7T) cot §
Thus, if we obtain condition (1.11), then we guarantee that 3= f. But (1.11) deals with the
norming constants b,,, which are not independent. We have shown in the paper [13] that we
can represent b, by a, and {u};>, by formulae (1.14), (1.15). Therefore, instead of (1.11),
we obtain the condition in the form (1.9).

This completes the proof.
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