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ABSTRACT. For Dirac operators, which have discrete spectra, the concept of eigenvalues’
gradient is given and formulae for this gradients are obtained in terms of normalized eigen-
functions. It’s shown how the gradient is being used to describe isospectral operators or
when finite number of spectral data is changed.
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1. INTRODUCTION. (GRADIENT OF EIGENVALUES.

0 =2 1 0
Let E is two dimensional identical matrix, and o1 = ( _ (Z) ), oy = ( 0 1 ),
_Z —

01
o3 = Lo are well-known Pauli matrices, which have properties o7 = E, o} = o}
(self-adjointness) and oy0; = —0j0;, (anti-commutativity), when k # j, for k,j = 1,2, 3.

Let p and ¢ are real-valued, summable on [0, 7] functions, i.e. p,q € L[0,7]. By

L(p,q,a,8) = L(Q,«, B) we denote the boundary-value problem for canonical Dirac sys-
tem (see [1, 2, 3, 4]):

(1.1) éyz{B%m(x)}y:Ay, e (0,m), y=<zl>, Nec,
(1.2) y1(0)cosa+y2(0)sina =0, o€ <—g, g],
(1.3) yi(m)cos B+ ya(m)sinf =0, € (— g, g,
—EU = 01 x) = o9p(x) + 03q(x) = p(z) )
here B = —o (_1())79() 2p(2) + o3¢(x) (q(x) _p(x)>-
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By the same L(p, q, o, ) we also denote a self-adjoint operator, generated by differential

expression £ in Hilbert space of two component vector-functions L%([0, 7]; C?) on the domain

D={y- ( ” ) i € AC[0, 7, (ty)e € L2[0, 7],k = 1,2

(1.4) Y2

y1(0) cosa + y2(0) sinav = 0, y;1(7) cos B+ ya(m) sin § = 0}

where ACI0,7] is the set of absolutely continuous functions on [0, 7] (see, e.g. [2, 5]).
The scalar product in L?*([a,b]; C?) we denote by (f,g) = f:(f, g)ydz = ff[fl(a:)gl(a:) +
fa(x)go(z)]dzx. Tt is well known (see [4, 6, 7]) that under these conditions the spectra of the
operator L(p, ¢, @) is purely discrete and consists of simple, real eigenvalues, which we denote
by A\ = AP, ¢, , B) = M(Q, @, B), n € Z, to emphasize the dependence of A, on quantities
p,q and a, 8. It is also well known (see, e.g. [4, 6, 7]) that the eigenvalues form a sequence,
unbounded below as well as above. So we will enumerate it as A\y < Agi1,k € Z, A\p > 0,
when £ > 0 and Ay < 0, when k£ < 0, and the nearest to zero eigenvalue we will denote by
Ao. If there are two nearest to zero eigenvalue, then by A\g we will denote the negative one.

With this enumeration it is proved (see [4, 6, 7]), that the eigenvalues have the asymptotics:

b —«

(1.5) M(Q,a,8)=n— + 7, Th=o0(1), n— +oo.

Let y(xz,\) = o(x, A\, a,Q) and y(z,\) = ¢¥(x, A, 5,Q) are the solutions of the Cauchy

problems

ly = Ay
(1.6) {ym,)\)( sin «v ) ,

— COS

ly = \y
(1.7) {y(mA)( sin ) :

—cos 3

respectively. Since the differential expression ¢ is self-adjoint, the components ¢ (z, ),
wa(z, A) and ¥y (z, A), ¥o(x, ) of the vector-functions ¢(z, A) and ¥(z, A) can be chosen
real-valued for real . It is easy to see, that ¢,(x,Q) = o(z, Ay, @, Q) and ¥, (z,Q) =
U(x, Ay, B, Q) are the eigenfunctions, corresponding to the eigenvalue A,,. By a,, = a,(, a, )
and b, = b,(Q, o, 8) we denote the squares of the L?*-norm of the eigenfunctions ¢, (z, )
and 1, (z, Q):
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an = llinll® = / (e, )2z, ez,
0

b = [l = / (. )2z, n ez

The numbers a,, and b, are called norming constants. By h,(z, 2) we will denote normalized

eigenfunctions (i.e. ||h,(x)|| = 1) of operator L(, «, 3):

and it can be taken also as

(2, Q)
Vb (2, 5)

() = b (, Q) =

1 . 1

It is easy to see, that |h,(0)]> = — and |h,(7)]* = " Having a goal to describe the
a

dependence of \,, on quantities p, ¢ and «, 5 more preciselyib we input a concept of eigenvalues’

gradient, by the following formula (compare with [8])

T 0 0N, ON, 0N, ON,
( : ) gra n ag? 8/8 ) ap(x>7 aq(l_) .

Definition 1. Let g is defined on (a, b), where —oo < a < b < co. The derivative of function

f with respect to function g is called a function , which satisfies the equation

dg(x)
d boof
%f(g + €U> R - . ag(x)v(x)dx7

for all v € Lg (a,b).

We want to express the components of the eigenvalues’ gradient by normalized eigenfunc-

tions of L(p, ¢, «, 5) problem.
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Theorem 1.1. Let A\, and h,, are eigenvalues and normalized eigenfunctions of the L(p, q, «, [3)
problem correspondingly. Then there hold the relations:

o\ (a, B,p,q)
Ox

OAn (e, B, p, q)

op

OAn (e, B, p, q)
Ip(x)

a)‘n(aa B, p, Q)
dq(x)

Proof. Let h, is eigenfunction of problem L(p,q, «, ), and h,, is eigenfunction of problem

L(p,q,a + Aa, 8). Then

= |k (0)]%,
= |hu(m) %,
= |hn, ()7 = [y ()7,

= 2hp, () - Iy ().

th, = BR (z) + Q(x)h,(z) = M\ ()b, (2),

(1.9)
P, (0) cosa + hyp, (0) sina = 0,
By, () cos B+ hy, () sin 5 = 0.
(1.10) th, = BR., () + Q(x)hn(x) = M (@ + Aa)hy(2),

B, (0) cos(a + Aa) + b, (0) sin(a + Aa) = 0,
B, (70) €08 B + B, () sin B = 0.

Multiply (1.9) by h,(z) scalarly from the right, and (1.10) by h,(z) from the left. Taking
into account the self-adjointness of Q(z) <(hn, Qhy) = (Qh, an)), we obtain

<Bh;, En) + (th, Bn> = (@) (hn, En>,
<hn, B%) + (th, ﬁn> = An(e + Aa) (hn, ﬁn>.

Subtracting from the second equation the first equation, we will get
T h, ﬁ/ ™ B iln
() () (i o
0 hn2 _h'/nl 0 _h’/n1 h”Q

(1.11) = (e + Aa) — A(a)] (hn,f}n).
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Taking into account, that in case of real potentials the components of the solutions can be

taken real, thus the left side of the latter equation can be written as

o1 () + B (2) P @)} dz —

O\a
>
3
=
S~—
>
=
&
><
3
V)
—
&
>
E
&
|
>=
s~
V)
—
=
=

n(T, - (T, a0 + Aa 1 i
Since h,(z) = L> and h,(x) = onl ), then h,(0) = —— i
an (@) an(a+ Aa) an(a) \ —cosa
- 1 i A
and h,(0) = sin(a + Aa) . Thus the equation (1.11) can be rewritten
an(a+ Aa) \ —cos(a+ Aa)
as follows
! in Ao = [\n(a + Aa) A(ﬂ(h ﬁ)
— Sin Ax = (Al + Aa) — Ay« ns M |-
Van(@)a,(a + Aa)
From the latter, when Aa — 0, we obtain
1.12 A ha(0)[?
(1.12) = O

Similarly we obtain

1.13 AT
O\,
To obtain the equality () By (2)]2 = |y (2) ]2, we write (1.9) in the form
p(z
(1.14) Bhy,(x) + (02p(x) + 03¢(x)) hn(2) = An(p)ha(2)

and for (1.10) in the form

(1.15) BH,(x) + (03 [p(x) + ev()] + 03q(x)) ho () = An(p + €0)n (),

where h,, is normalized eigenfunction of the L(p + ev,q,a, ) problem. Multiply (1.14) by
h, () scalarly from the right, and (1.15) by h,(x) from the left. Taking into account, that
hy, and h,, satisfy to the same boundary conditions, subtract equality (1.14) from (1.15), we

obtain

(hn, o9 [p(x) + ev(z)] ﬁn> — <O’2p($)hn, hn> = [Mu(p+ev) — N\ (p)] <hn, ﬁn)

Form the latter it follows

Mot M) | (@) = @ &) o)

€




Tending € — 0, using the fact, that h,, — h,, when € — 0 and the definition 1, we obtain
o\,

= [ha, (2)|* = [y () .

Op()
o\,
Similarly we can obtain the equality e = 2hp,, (x) - hp,(2).
q(x
Theorem 1.1 is proved. U

Let us consider also canonical Dirac system on half axis. Let p and q are real-valued, local

T
summable on (0, 00) functions, i.e. p,q € Lﬁwoc((),oo). For a € (— > 5}, by L(p,q, ) we
denote the self-adjoint operator, generated by differential expression ¢ (see (1.1)) in Hilbert

space of two component vector-functions L?((0,00); C?) on the domain

Da = {y = < v ) JUk € L2<07 OO) ﬂAC(O, OO);
Y2

(0y)r € L*(0,00), k = 1,2; y1(0) cosa + 32(0) sina = O}

where AC(0,00) is the set of functions, which are absolutely continuous on each finite seg-
ment [a,b] C (0,00),0 < a < b < co. We assume, that the spectra of this operator is pure
discrete (see, e.g. [9, 10]), and consists of simple eigenvalues, which we denote by A, (p, ¢, «),
n € Z.
Let y = o(z, A\, a, Q) is the same as in the case of finite interval, i.e. ¢ is the solution of
Cauchy problem (1.6). Then ¢, (x) = ¢(x, \,) are the eigenfunctions, a, = [ [¢n(z, Q)[*dz,
Pn(T)

n € Z, are the norming constants, and h,(z) = h,(x,Q,\,) = NG are the normalized
G,

eigenfunctions. In this case the gradient is defined as

o I, 0N, O\,
gradin = da’ Op(z) dq(x) |’

and in Definition 1 we take a =0, b = oco.

Theorem 1.2. Let A\, and h,, are eigenvalues and normalized eigenfunctions of the L(p, q, @)

problem correspondingly. Then there hold the relations:

OAn(a,p, q)
Oa
OAn(e; p,q)
Ip(z)
OAn(a,p, q)
dq()

= —|ha(0)F7,
= |y ()7 = [y ()7,

= 2hm (‘T> ’ hm(l‘)
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Proof. In case of real potentials the components of the solutions can be taken real. Since the
eigenfunctions h,, and h,, are from L?(0,00), we can infer that the scalar products (hy, hy)
are from L'(0,00) and, hence, are tending to 0 on some {zy; x — 0o, k — 0o, } sequence.
Taking the latter first two formulae can be proved in the similar way as in theorem 1.1. Thus
here we will prove the third formula.

Write the equation (1.9) in the following form
(1.16) Bhy,(x) + (02p(x) + 03¢(x)) hn(2) = An(p)hn(2)
and (1.10) in the form
(1.17) Bl () + (02p(w) + 03 [a(x) + v(2)]) hn(2) = Xa(p + €v)n (),

where h,, is normalized eigenfunction of the L(p,q + ev, a, B) problem. Multiplying (1.16)
scalarly by Bn(x) from the right, and (1.17) by h,(x) from the left. Taking into account, that
h,, and h,, satisfy to the same boundary conditions, subtract equality (1.16) from (1.17), we

obtain

<hn, o3 [q(x) + ev(x)] ﬁn> - (qu(x)hn, an) = Mg+ ev) — X\(q)] (hn, ﬁn>

From the latter equation we have

(1.18)

And from the equation (1.18) it follows

An(q + €v) — Au(q) (hm Bn) _ /°° (hnﬁm n hnjnl)v(x)dx.
0

€

Tending € — 0, using the fact, that hy, — h.,, when ¢ — 0 and the definition 1, we obtain
oA,

dq(x)
Theorem 1.2 is proved. O

= 2Ry, (2) iy ().

It is well-known, that the inverse problem of reconstruction of operator L(p,q, «, ) by
spectral function (in our case by eigenvalues {\, },cz and norming constants {a, },ez) can
not be solved uniquely, if we permit parameters a and § to be arbitrary (see [1]). But if
we fix one of them, then the inverse problem can be solved uniquely (see [1, 7, 11, 12]).
Therefore, usually is considered the problem L(p,q, «,0) (see [4, 7, 11, 13]).

It is also well-known, that for regular Dirac operators (the operators on finite interval with

summable coefficients), we can not add or diminish the eigenvalues (because of obligatory
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asymptotics (1.5)), staying in the class of summable coefficients, but we can change the
norming constants and describe the isospectral Dirac operators (see [11, 13]).

The applications of eigenvalues’ gradient of describing operators, which isospectral with
fixed operator L(p,q,,0) is given in section 2. On the other hand, if we consider Dirac
operator on half axis (0,00) (which has pure discrete spectra), we can add or diminish
arbitrary finite number of eigenvalues or change norming constants, since in this case there
are not obligatory asymptotics (see, e.g. [10]). The applications of eigenvalues’ gradient in

this case is given in section 3.

2. ISOSPECTRALITY ON FINITE INTERVAL.

Let us consider the boundary-value problem L(p,q, «,0) on [0, 7]. From the eigenvalues’

asymptotics (1.5) it follows:

a
(2.1) M(Q,0,0) =n——+r,, r,=o0(l), n— +oo.
m

It is known (see [4, 6]) that in the case of Q € L2[0, ] the norming constants have an

asymptotic form:

(2.2) an,(2) = 7+ cp, Z 2 < oo.
Definition 2. Two Dirac operators L(€, a,0) and L(Q, &, 0) are said to be isospectral, if
An(Q,,0) = A\, (2, &, 0), for every n € Z.

Lemma 2.1. Let Q,Q € LL[0, 7] and the operators L(Q, o, 0) and L(Q, &,0) are isospectral.

Then & = «.

Proof. The proof follows from the asymptotics (2.1):

S lim (1 = A(Q,0,0)) = lim (1 — An(Q, @, 0)) =

m n—oo n—00

5] e

O

So, instead of isospectral operators L(€, a, 0) and L(Q, &, 0), we can talk about ”isospectral
potentials”  and Q.

Let us fix some Q € L2[0, 7] and consider the set of all canonical potentials = ( ]i 1 ) ,
q —p

with the same spectra as Q:
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MA(Q) = {Q € LE[0,7] : \u(,@,0) = Ay (Q, @, 0),n € Z}.

Our main goal is to give the description of the set M?(Q) in terms of eigenvalues’ gradients.
Note, that the problem of description of isospectral Sturm-Liouville operators was solved in
8, 14, 15, 16].

For Dirac operators the description of M?(f2) is given in [11]. This description has a
"recurrent” form, i.e. at the first in [11] is given the description of a family of isospectral
potentials Q(x,t),t € R, for which only one norming constant a,,(§2(-,t)) different from
am(Q) (namely, a,,(Q(-,t)) = a,,(Q)e™"), while the others are equal, i.e. an,(2(+,t)) = @ (),

when n # m.
Theorem 2.1. [11]. Lett € R, a € (— 5 g} Then !

t

O (z,t,Q)
where O, (x,6,Q) = 1+ (' = 1) [ |hn(s,Q)*ds. So, for arbitrary t € R, A\, (2,t) = A,(Q)
for alln € Z, a,(Q,t) = an(Q) for alln € Z\{m} and a,,(2,t) = a,,(Q)e".

Qz,t) = Qz) + {Bhp(z, Q)R (x,Q2) — hpp(x, Q)R (2, Q) B},

Theorem 2.1 shows that it is possible to change exactly one norming constant, keeping
the others.
Changing successively each a,,(2) by a,,(2)e~"", we can obtain any isospectral potential,
corresponding to the sequence {t,,;m € Z} € I°.
In [11] were used the following designations:
T ,={...,0,...},
To=1...,0,...,0,%,0,...,0,...},
Ty ={..,0,...,0,0,t,t,0,...,0,...}
To=4...,0,...,0,t_1,t0,%1,0,...,0,...},
Ton={...,0,0,t ...t 1,t0,t1, s tp_1,t0,0,...},
Tonir = {10yt tnits s tts bty oy by tngt, 0,2 3

Let Q(x,T_1) = Q(z) and
Qx,T,,) = U, Trnr) + A2, T,), m=0,1,2,...,
where

*
h
'Here * is a sign of transponation, e.g. h¥, = ( m ) = (hmys hmy)

ma2
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etm — 1

Az, T,,) = Bh (2, Q- Tpe1)) 5 (1) — b ()5 (1) B,
(‘177 ) em(m,tm,ﬂ<',Tm,1>>[ (ZE ( 1)) m( ) ( ) m( ) ]
m+1 m
where m = , if m is odd and m = 5 if m is even. The arguments in others hy(-)

and h (-) are the same as in the first. And after that in [11] was proved:

Theorem 2.2. [11]. Let T = {t,,n € Z} € I> and Q € L:[0,7]. Then

Qx,T) = Qz) + Y AQx, T,,) € M*(Q).
m=0
We see, that each potential matrix AQ(x,T,,) defined by normalized eigenfunctions
hi(x,Q(x, T,n—1)) of the previous operator L(Q(-,T,,-1),,0). This approach we call "re-
current” description.

If we denote

VO B2, (x) = h2,(2) 2Dy (2)hy ()
O\, _ op(x)  Oq(x) =
90) Dn O\ |

2, (2) iy () = (13, (x) = B3, (%))

ni ng

dq(x)  Op(x)

we will have

D ([ 2y (@h(e) (1) — 2, (2)
23) B0~ ( 2 () — B2 (2) —2hn1<x>hn2<x>>

And it is easy to see, that the term [Bhg,(z, Q(-, Tpn1))h%5, (1) — ha()hE (1) B] of AQ(x,T,,)

is equal to B . Therefore the Theorems 2.1 and 2.2 can be rewritten as

oz, T,,)

Theorem 2.3. Lett € R, a € (— T g} Then,

(et = 1) O\
() 000 T)
where Oy, (2,1,Q) = 1+ (¢ = 1) [ |hm(s, Q)|2ds. So, for arbitrary t € R, A, (Q,t) = X,(Q)
for alln € Z, a,(,t) = a,(Q) for alln € Z\{m} and a,,(Q,t) = a,,(QL)e .

Qz,t) = Q) +

Theorem 2.4. Let T = {t,,n € Z} € I> and Q € LZ[0,7]. Then

0 o 0o etn — 1 B a/\m
(:L‘7 ) N (x> +mz:09m(l'>t7h79($aTm—l)) OQ([E,Tm—l))
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3. CHANGING SPECTRAL DATA ON HALF AXIS.

Let us consider canonical Dirac operator L(p, g, «) on [0,00), which has a pure discrete
spectra. In work [17], Harutyunyan proved, that in this case one can add or subtract a finite
number of eigenvalues, or scale the values of norming constants (i.e. a, to change by €'a,, for
arbitrary ¢t € R). In that work explicit formulae for potential functions of changed operator
are given.

According to the paper [17], when we want to add a new eigenvalue pu, the formula for

potential function §2;(z) will be:

Q(z) = Qa) + {Bh(z, p)h* (. 1)~

(3.1) L+ [o [h(t, p)[2dt

When we want to subtract an eigenvalue, e.g. Ao, the formula for potential function Q(x)
will be:

— — {Bh(z, \o)h*(z, \g)—
T T T agpart (A Ao
—h(z, \o)h*(x, \o)B}.
When we want to scale the value of a norming constant, e.g. ag, which corresponds to

eigenvalue g, the formula for potential function Q3(z) will be:

et —1

{Bh(x, A\o)h*(z, Ng)—
T (et = D) J g 2o Ao

—h(z, Ao)h*(x, Xg) B}.

Using formula (2.3) we can rewrite the formulae (3.1)—(3.3) in terms of eigenvalues’ gra-
dient:

1 o

(3.4) 0u(x) = ) + TP B0

1 0o

(3.5) %a(e) = o) ~ TR o F90)
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et—1 8/\0
L+ (et = 1) [T[h(t, Ao)2dt OQ(z)

In [17] there is also given a formula for changing finite number of eigenvalues or norming

(3.6) Q3(z) = Qz) +

constants. If we want to add n number of eigenvalues p, to subtract m number of eigenvalues
A, and to scale I number of norming constants ay, then the formula for such potential Q(x)
depending of initial potential Q(x) will be:

n+m-+l

~ Vi
Qz) = Qx) + =
; 1 —I—’}/k fO |h(t,Qk_1,Vk)|2dt

ABh(z, U1, vig) W (, V1, vi) — W, Q1 vi) R (2, Qp—1, vi) B}

(3.7)

where
1, 1<k <n,
Vk:{ —1, n+1<k<n+m,
et —1, n+m+1<k<n+m+l,
ks 1< k < T,
V. =
g Ak, n+1<k<n+m+]I,
and potential function Qy(z) = Q(z) and Qi(x), for £ = 0,1,...,n +m + [, are given by
formula:
Tk

1 + Yk fox |h(t, Qk—l; l/k>|2dt
ABh(z, U1, Vi) " (, V1, Vi) — M, Q1 vi) R (2, i1, v1) B}

Qk(l’) = Qk_l(l’) +

Using formula (2.3) we can rewrite the (3.7) in terms of eigenvalues’ gradient:
n+m+l
~ Yk 81/k
3.8 Qz) = Qx) + — .
( ) ( ) ( ) ; 1+ Yk fO |h(t, Qk—l, Vk)|2dt 8Qk_1(x)
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