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Abstract. In this paper, the main equation which has an important role in solution of
inverse problem for boundary value problem is obtained and according to spectral data,
the uniqueness of solution of inverse problem is proved.
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1. Introduction

In many practices, spectral problems are faced for differential equations which have
discontinuous coefficient and discontinuity conditions in interval ([1]-[8]). These prob-
lems generally emerge in physics, mechanics and geophysics in non-homogeneous and
discontinuous environments.

We consider a heat problem in a rod which is composed of materials having different
densities. In the initial time, let the temperature be given arbitrary. Let the temper-
ature be zero in one end of the rod and the heat be isolated at the other end of the
rod. In this case the heat flow in non-homogeneous rod is expressed with the following
boundary problem:

ρ (x)
∂u

∂t
=
∂2u

∂x2
+ q (x)u, 0 < x < π, t > 0,

∂u

∂x

∣∣∣∣
x=0

= 0, u|x=π = 0, t > 0,

where ρ (x), q (x) are physical parameters and have specific properties. For instance,
ρ (x) defines the density of the material and piecewise-continuous function. Applying
the method of separation of variables to this problem, we get the spectral problem
below:

(1) −y′′ + q(x)y = λ2ρ(x)y, 0 ≤ x ≤ π
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(2) y′(0) = y(π) = 0,

here q (x) ∈ L2 (0, π) is a real-valued function, ρ (x) piecewise-continuous function the
following:

(3) ρ(x) =

{
1, 0 ≤ x ≤ a,

α2, a < x ≤ π

λ is spectral parameter and a(1 + α) > πα.
When ρ (x) ≡ 1 or α = 1, that is, in continuous case, the solution of inverse problem is

given in [9]-[19]. The spectral properties of Sturm-Liouville opeator with discontinuos
coefficient in different boundary conditions are examined in [20]-[23].

In this study, the main equation is obtained which has an important role in solution
of inverse problem for boundary value problem and according to spectral data, the
uniqueness of solution of inverse problem is proved. Similar problems are examined
for the equation (1) with different boundary conditions in [24].

It was proved (see [25]), that the solution ϕ(x, λ) of the equation (1) with initial
conditions ϕ(0, λ) = 1, ϕ′(0, λ) = 0 can be represented as

(4) ϕ(x, λ) = ϕ0(x, λ) +

∫ µ+(x)

0

A(x, t) cosλtdt,

where A(x, t) belongs to the space L2,ρ (0, π) for each fixed x ∈ [0, π] and is related with
the coefficient q(x) of the equation (1) by the formula:

(5) d

dx
A(x, µ+(x)) =

1

4
√
ρ(x)

(
1 +

1√
ρ(x)

)
q(x),

(6) ϕ0(x, λ) =
1

2

(
1 +

1√
ρ(x)

)
cosλµ+(x) +

1

2

(
1− 1√

ρ(x)

)
cosλµ−(x)

is the solution of (1) when q(x) ≡ 0,

(7) µ+(x) = ±x
√
ρ(x) + a

(
1∓

√
ρ(x)

)
It is similary shown in [24], [21] that the roots of the equation ϕ(π, λ) = 0 have the
following form

λn = λ0
n +

dn
λ0
n

+
kn
n
, λn ≥ 0,
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where {λ0
n}

2 are the eigenvalues of problem (1), (2) when q(x) ≡ 0, dn is a bounded
sequence, kn ∈ l2 and norming constants:

αn =

∫ π

0

ρ(x)ϕ2(x, λn)dx.

2. Main Equation

Theorem 1. For each fixed x ∈ [0, π] the kernel A(x, t) from the representation (4)
satisfies the following linear functional integral equation

2

1 +
√
ρ(t)

A
(
x, µ+(t)

)
+

1−
√
ρ(2a− t)

1 +
√
ρ(2a− t)

A (x, 2a− t) +

(8) +F (x, t) +

∫ µ+(x)

0

A(x, ξ)F0(ξ, t)dξ = 0, 0 < t < x

where

(9) F0(x, t) =
∞∑
n=1

(
ϕ0(t, λn) cosλnx

αn
− ϕ0(t, λ0

n) cosλ0
nx

α0
n

)

(10) F (x, t) =
1

2

(
1 +

1√
ρ(x)

)
F0(µ+(x), t) +

1

2

(
1− 1√

ρ(x)

)
F0(µ−(x), t)

{λ0
n}

2 are eigenvalues and α0
n are norming constants of the boundary value problem (1),

(2) when q(x) ≡ 0.

Proof. From (4) we have

(11) ϕ0(x, λ) = ϕ(x, λ)−
∫ µ+(x)

0

A(x, t) cosλtdt.

It follows from (4) and (11) that
N∑
n=1

ϕ(x, λn)ϕ0(t, λn)

αn
=

N∑
n=1

(
ϕ0(x, λn)ϕ0(t, λn)

αn
+

+
ϕ0(t, λn)

αn

∫ µ+(x)

0

A(x, ξ) cosλnξdξ

)
=

=
N∑
n=1

(
ϕ0(x, λn)ϕ0(t, λn)

αn
− ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

)
+

+
N∑
n=1

ϕ0(x, λ0
n)ϕ0(t, λ0

n)

α0
n

+

+

∫ µ+(x)

0

A(x, ξ)
N∑
n=1

(
ϕ0(t, λn) cosλnξ

αn
− ϕ0(t, λ0

n) cosλ0
nξ

α0
n

)
dξ+
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+

∫ µ+(x)

0

A(x, ξ)
N∑
n=1

ϕ0(t, λ0
n) cosλ0

nξ

α0
n

dξ

N∑
n=1

ϕ(x, λn)ϕ0(t, λn)

αn
=

N∑
n=1

ϕ(x, λn)ϕ(t, λn)

αn
−

−
∫ µ+(t)

0

A(t, ξ)
N∑
n=1

ϕ(x, λn) cosλnξ

αn
dξ.

Using the last two equalities, we obtain
N∑
n=1

(
ϕ(x, λn)ϕ(t, λn)

αn
− ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

)
=

=
N∑
n=1

(
ϕ0(x, λn)ϕ0(t, λn)

αn
− ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

)
+

+

∫ µ+(x)

0

A(x, ξ)
N∑
n=1

ϕ0(t, λ0
n) cosλ0

nξ

α0
n

dξ+

+

∫ µ+(x)

0

A(x, ξ)
N∑
n=1

(
ϕ0(t, λn) cosλnξ

αn
− ϕ0(t, λ0

n) cosλ0
nξ

α0
n

)
dξ+

+

∫ µ+(t)

0

A(t, ξ)
N∑
n=1

ϕ(x, λn) cosλnξ

αn
dξ,

or

(12) ΦN(x, t) = IN1(x, t) + IN2(x, t) + IN3(x, t) + IN4(x, t),

where

ΦN(x, t) :=
N∑
n=1

(
ϕ(x, λn)ϕ(t, λn)

αn
− ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

)
,

IN1(x, t) :=
N∑
n=1

(
ϕ0(x, λn)ϕ0(t, λn)

αn
− ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

)
,

IN2(x, t) :=

∫ µ+(x)

0

A(x, ξ)
N∑
n=1

ϕ0(t, λ0
n) cosλ0

nξ

α0
n

dξ,

IN3(x, t) :=

∫ µ+(x)

0

A(x, ξ)
N∑
n=1

(
ϕ0(t, λn) cosλnξ

αn
− ϕ0(t, λ0

n) cosλ0
nξ

α0
n

)
dξ,

IN4(x, t) :=

∫ µ+(t)

0

A(t, ξ)
N∑
n=1

ϕ(x, λn) cosλnξ

αn
dξ.
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It is easily found by using (9) and (10)

F (x, t) =
∞∑
n=1

(
ϕ0(x, λn)ϕ0(t, λn)

αn
− ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

)
.

Let f(x) be an absolutely continuous function, f ′(0) = f(π) = 0. Then using expansion
formula (see [21]),

∞∑
n=1

∫ π

0

f(t)ρ(t)
ϕ(x, λn)ϕ(t, λn)

αn
dt = f(x),

(13)
∞∑
n=1

∫ π

0

f(t)ρ(t)
ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

dt = f(x).

Using (13) we have:
lim
N→∞

max
0≤x≤π

∣∣∣∣∫ π

0

f(t)ρ(t)ΦN(x, t)dt

∣∣∣∣ =

= lim
N→∞

max
0≤x≤π

∣∣∣∣∣
∫ π

0

f(t)ρ(t)
N∑
n=1

(
ϕ(x, λn)ϕ(t, λn)

αn
− ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

)
dt

∣∣∣∣∣ ≤
≤ lim

N→∞

{
max

0≤x≤π

∣∣∣∣∣
∫ π

0

f(t)ρ(t)
N∑
n=1

ϕ(x, λn)ϕ(t, λn)

αn
dt− f(x)

∣∣∣∣∣+
(14) + max

0≤x≤π

∣∣∣∣∣
∫ π

0

f(t)ρ(t)
N∑
n=1

ϕ0(x, λ0
n)ϕ0(t, λ0

n)

α0
n

dt− f(x)

∣∣∣∣∣
}

= 0.

We obtain uniformly on x ∈ [0, π]

lim
N→∞

∫ π

0

f(t)ρ(t)IN1(x, t)dt =

= lim
N→∞

∫ π

0

f(t)ρ(t)
N∑
n=1

(
ϕ0(x, λn)ϕ0(t, λn)

αn
− ϕ0(x, λ0

n)ϕ0(t, λ0
n)

α0
n

)
dt =

(15) =

∫ π

0

f(t)ρ(t)F (x, t)dt.

It follows from (6) that

(16) cosλξ =

{
ϕ0(ξ, λ) , ξ < a,

2α
1+α

ϕ0( ξ
α

+ a− a
α
, λ) + 1−α

1+α
ϕ0(2a− ξ, λ) , ξ > a.

Taking into account (16) and (13), we get

lim
N→∞

∫ π

0

f(t)ρ(t)IN2(x, t)dt =

= lim
N→∞

∫ π

0

f(t)ρ(t)

∫ µ+(x)

0

A(x, ξ)
N∑
n=1

ϕ0(t, λ0
n) cosλ0

nξ

α0
n

dξdt =
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= lim
N→∞

∫ π

0

f(t)ρ(t)

∫ a

0

A(x, ξ)
N∑
n=1

ϕ0(t, λ0
n)ϕ0(ξ, λ)

α0
n

dξdt+

+
2α

1 + α
lim
N→∞

∫ π

0

f(t)ρ(t)

∫ αx−αa+a

a

A(x, ξ)×

×
N∑
n=1

ϕ0(t, λ0
n)ϕ0( ξ

α
+ a− a

α
, λ0

n)

α0
n

dξdt+

+
1− α
1 + α

lim
N→∞

∫ π

0

f(t)ρ(t)

∫ αx−αa+a

a

A(x, ξ)×

×
N∑
n=1

ϕ0(t, λ0
n)ϕ0(2a− ξ, λ0

n)

α0
n

dξdt =

=

∫ a

0

A(x, ξ)

∫ π

0

f(t)ρ(t)
∞∑
n=1

ϕ0(t, λ0
n)ϕ0(ξ, λ0

n)

α0
n

dtdξ+

+
2α

1 + α

∫ αx−αa+a

a

A(x, ξ)

∫ π

0

f(t)ρ(t)×

×
∞∑
n=1

ϕ0(t, λ0
n)ϕ0( ξ

α
+ a− a

α
, λ0

n)

α0
n

dtdξ+

+
1− α
1 + α

∫ αx−αa+a

a

A(x, ξ)

∫ π

0

f(t)ρ(t)×

×
∞∑
n=1

ϕ0(t, λ0
n)ϕ0(2a− ξ, λ0

n)

α0
n

dtdξ =

=

∫ a

0

A(x, ξ)f(ξ)dξ +
2α

1 + α

∫ αx−αa+a

a

A(x, ξ)f

(
ξ

α
+ a− a

α

)
dξ+

+
1− α
1 + α

∫ αx−αa+a

a

A(x, ξ)f (2a− ξ) dξ.

Substituting ξ
α

+ a− a
α
→ ξ′ and 2a− ξ → ξ′′ we obtain

lim
N→∞

∫ π

0

f(t)ρ(t)IN2(x, t)dt =

∫ a

0

A(x, ξ)f (ξ) dξ+

+
2α2

1 + α

∫ x

a

A (x, αξ′ − αa+ a) f (ξ′) dξ′+

+
1− α
1 + α

∫ a

−αx+αa+a

A(x, 2a− ξ′′)f (ξ′′) dξ′′.

Since A(x, 2a− ξ′′) ≡ 0 when 2a− ξ > αx− αa+ a, we have

lim
N→∞

∫ π

0

f(t)ρ(t)IN2(x, t)dt =

∫ a

0

A(x, t)f (t) dt+

+
2α2

1 + α

∫ x

a

A (x, αt− αa+ a) f (t) dt+
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+
1− α
1 + α

∫ a

0

A(x, 2a− t)f (t) dt.

Thus, uniformly on x ∈ [0, π] :

lim
N→∞

∫ π

0

f(t)ρ(t)IN2(x, t)dt =

∫ x

0

2ρ (t)

1 +
√
ρ (t)

A(x, µ+(t))f (t) dt+

(17) +

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(x, 2a− t)f (t) dt.

Using (9), uniformly on x ∈ [0, π]

lim
N→∞

∫ π

0

f(t)ρ(t)IN3(x, t)dt =

= lim
N→∞

∫ π

0

f(t)ρ(t)

∫ µ+(x)

0

A(x, ξ)
N∑
n=1

(
ϕ0(t, λn) cosλnξ

αn
−

−ϕ0(t, λ0
n) cosλ0

nξ

α0
n

)
dξdt =

=

∫ π

0

f(t)ρ(t)

∫ µ+(x)

0

A(x, ξ)
∞∑
n=1

(
ϕ0(t, λn) cosλnξ

αn
−

−ϕ0(t, λ0
n) cosλ0

nξ

α0
n

)
dξdt =

(18) =

∫ π

0

f(t)ρ(t)

∫ µ+(x)

0

A(x, ξ)F0(ξ, t)dξdt.

Using the residue theorem and the formula ϕ(x,λn)
2λnαn

= ψ(x,λn)
.

∆(λn)
(see [21]), where ψ (x, λ) is

the solution of (1) with initial condition ψ (π, λ) = 0, ψ′ (π, λ) = 1 and ∆ (λ) = ϕ (π, λ) is
the characteristic function of (1)-(3),

.

∆(λ) = d
dλ

∆ (λ) , we calculate

lim
N→∞

∫ π

0

f(t)ρ(t)IN4(x, t)dt =

= lim
N→∞

∫ π

0

f(t)ρ(t)

∫ µ+(t)

0

A(t, ξ)
N∑
n=1

ϕ(x, λn) cosλnξ

αn
dξdt =

= 2 lim
N→∞

∫ π

0

f(t)ρ(t)
∑
|λn|≤N

λn
ψ (x, λn)
.

∆(λn)

∫ µ+(t)

0

A(t, ξ) cosλnξdξdt =

= 2 lim
N→∞

∫ π

0

f(t)ρ(t)
∑
|λn|≤N

Res
λ=λn

[
λ
ψ (x, λ)

∆(λ)

∫ µ+(t)

0

A(t, ξ) cosλξdξ

]
dt =

= 2 lim
N→∞

∫ π

0

f(t)ρ(t)
1

2πi

∮
ΓN

λ
ψ (x, λ)

∆(λ)

∫ µ+(t)

0

A(t, ξ) cosλξdξdλdt =
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= lim
N→∞

∫ π

0

f(t)ρ(t)
1

πi

∮
ΓN

λ
ψ (x, λ)

∆(λ)
e|Imλ|µ

+(t)e−|Imλ|µ
+(t)×

×
∫ µ+(t)

0

A(t, ξ) cosλξdξdλdt =

=

∫ π

0

f(t)ρ(t) lim
N→∞

(
1

πi

∮
ΓN

λ
ψ (x, λ)

∆(λ)
e|Imλ|µ

+(t)e−|Imλ|µ
+(t)×

(19) ×
∫ µ+(t)

0

A(t, ξ) cosλξdξdλ

)
dt

where ΓN = {λ : |λ| = N} . Since (see [21])

ψ(x, λ) = O

(
e|Imλ|(µ

+(π)−µ+(x))

|λ|

)
, |λ| → ∞,

|∆(λ)| ≥ Cδe
|Imλ|µ+(π), λ ∈ Gδ,

(Gδ = {λ : |λ− λn| > δ} , δ is a sufficiently small positive number) and according to
Lemma 1.3.1 from [9]

lim
|λ|→∞

max
0≤t≤π

e−|Imλ|µ
+(t)

∣∣∣∣∣
∫ µ+(t)

0

A(t, ξ) cosλξdξdλ

∣∣∣∣∣ = 0

from the equality (19) we get

(20) lim
N→∞

∫ π

0

f(t)ρ(t)IN4(x, t)dt = 0.

Multiplying both sides of (12) by ρ(x)f(x), integrating from 0 to π, tending to limit
when N →∞ and using (14), (15), (17), (18) and (20) we have∫ x

0

2ρ (t)

1 +
√
ρ (t)

A(x, µ+(t))f (t) dt+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(x, 2a− t)f (t) dt+

+

∫ π

0

f(t)ρ(t)F (x, t)dt+

∫ π

0

f(t)ρ(t)

∫ µ+(x)

0

A(x, ξ)F0(ξ, t)dξdt = 0.

Since f(x) can be chosen arbitrarily, we obtain

2ρ (t)

1 +
√
ρ (t)

A(x, µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(x, 2a− t) + F (x, t)+

+

∫ µ+(x)

0

A(x, ξ)F0(ξ, t)dξ = 0.

�
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3. Theorem for the Solution of the Inverse Problem

Theorem 2. For each fixed x ∈ [0, π] main equation (8) has a unique solution A(x, .) ∈
L2,ρ (0, µ+(x)).

Proof. We show that for each fixed x > a the equation (8) is equivalent to the equation
of the form (I +B) f = g where B is a completely continuous operator, I is an identity
operator in the space L2,ρ(0, π). (When x ≤ a this fact is obvious.)

When x > a rewrite (8) as

LxA(x, .) +KxA(x, .) = −F (x, .),

where

(21) (Lxf) (t) =

{
f(t) + 1−α

1+α
f(2a− t) , t ≤ a < x,

2
1+α

f(αt− αa+ a) , a < t < x.

(Kxf) (t) =

∫ αx−αa+a

0

f(ξ)F0 (ξ, t) dξ, 0 < t < x.

It is sufficient to prove that Lx is invertible, i.e. has a bounded inverse in L2,ρ (0, π).
Consider the equation (Lxf) (t) = φ(t), φ(t) ∈ L2,ρ (0, π) , i.e.{

f(t) + 1−α
1+α

f(2a− t) = φ(t) , t ≤ a < x,
2

1+α
f(αt− αa+ a) = φ(t) , a < t < x.

From here it is easily to obtain

f(t) =
(
L−1
x φ
)

(t) =

{
φ(t)− 1−α

2
φ
(−t+αa+a

α

)
, t < a

1+α
2
φ
(
t+αa−a

α

)
, t > a.

We show that
‖f‖L2

=
∥∥L−1

x φ
∥∥ ≤ C ‖φ‖L2

.

In fact, ∫ π

0

|f(t)|2 dt =

∫ a

0

∣∣∣∣φ(t)− 1− α
2

φ

(
−t+ αa+ a

α

)∣∣∣∣2 dt+
+

∫ π

a

∣∣∣∣1 + α

2
φ

(
t+ αa− a

α

)∣∣∣∣2 dt ≤ 2

∫ a

0

|φ(t)|2 dt+

+2

(
1− α

2

)2 ∫ a

0

∣∣∣∣φ(−t+ αa+ a

α

)∣∣∣∣2 dt+
+

(
1 + α

2

)2 ∫ π

a

∣∣∣∣φ(t+ αa− a
α

)∣∣∣∣2 dt ≤
≤ 2

∫ π

0

|φ(t)|2 dt+
α (1− α)2

2

∫ αa+a
α

a

|φ(t)|2 dt+
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+α

(
1 + α

2

)2 ∫ π+αa−a
α

a

|φ(t)|2 dt.

We put φ(t) = 0, when t > π. Then∫ π

0

|f(t)|2 dt ≤ C

∫ π

0

|φ(t)|2 dt = C ‖φ(t)‖L2,ρ(0,π) .

So the operator Lx is invertible in L2,ρ (0, π). Then according to Theorem 3 from [26]
(see p. 275) it is sufficient to prove that the equation

2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)+

(22) +

∫ µ+(x)

0

A(ξ)F0(ξ, t)dξ = 0

has only trivial solution A(t) = 0.

Let A(t) be a non-trivial solution of (22). Then

∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)2

dt+

+

∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)
×

×
∫ µ+(x)

0

A(ξ)F0(ξ, t)dξdt = 0.

From (9) we have

∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)2

dt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ µ+(x)

0

A(ξ)×

×
∞∑
n=1

(
ϕ0(t, λn) cosλnξ

αn
− ϕ0(t, λ0

n) cosλ0
nξ

α0
n

)
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ µ+(x)

0

A(ξ)×

×
∞∑
n=1

(
ϕ0(t, λn) cosλnξ

αn
− ϕ0(t, λ0

n) cosλ0
nξ

α0
n

)
dξdt = 0.

Using (7) and (16) we obtain
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∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)2

dt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ a

0

A(ξ)
∞∑
n=1

ϕ0(ξ, λn)ϕ0(t, λn)

αn
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ a

0

A(ξ)
∞∑
n=1

ϕ0(ξ, λn)ϕ0(t, λn)

αn
dξdt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ αx−αa+a

a

A(ξ)×

×
∞∑
n=1

2α

1 + α

ϕ0

(
ξ
α

+ a− a
α
, λn
)
ϕ0 (t, λn)

αn
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ αx−αa+a

a

A(ξ)×

×
∞∑
n=1

2α

1 + α

ϕ0

(
ξ
α

+ a− a
α
, λn
)
ϕ0 (t, λn)

αn
dξdt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ αx−αa+a

a

A(ξ)×

×
∞∑
n=1

1− α
1 + α

ϕ0 (2a− ξ, λn)ϕ0 (t, λn)

αn
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ αx−αa+a

a

A(ξ)×

×
∞∑
n=1

1− α
1 + α

ϕ0 (2a− ξ, λn)ϕ0 (t, λn)

αn
dξdt−

−
∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ a

0

A(ξ)
∞∑
n=1

ϕ0(ξ, λ0
n)ϕ0(t, λ0

n)

α0
n

dξdt−

−
∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ a

0

A(ξ)
∞∑
n=1

ϕ0(ξ, λ0
n)ϕ0(t, λ0

n)

α0
n

dξdt−

−
∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ αx−αa+a

a

A(ξ)×

×
∞∑
n=1

2α

1 + α

ϕ0

(
ξ
α

+ a− a
α
, λ0

n

)
ϕ0 (t, λ0

n)

α0
n

dξdt−

−
∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ αx−αa+a

a

A(ξ)×

×
∞∑
n=1

2α

1 + α

ϕ0

(
ξ
α

+ a− a
α
, λ0

n

)
ϕ0 (t, λ0

n)

α0
n

dξdt−
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−
∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ αx−αa+a

a

A(ξ)×

×
∞∑
n=1

1− α
1 + α

ϕ0 (2a− ξ, λ0
n)ϕ0 (t, λ0

n)

α0
n

dξdt−

−
∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ αx−αa+a

a

A(ξ)×

×
∞∑
n=1

1− α
1 + α

ϕ0 (2a− ξ, λ0
n)ϕ0 (t, λ0

n)

α0
n

dξdt = 0.

Substituting ξ → ξ
α

+ a − a
α

in third, fourth, ninth, and tenth double integrals and
ξ → 2α− ξ in fifth, sixth, eleventh and twelfth double integrals we get∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)2

dt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ a

0

A(ξ)
∞∑
n=1

ϕ0(ξ, λn)ϕ0(t, λn)

αn
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ a

0

A(ξ)
∞∑
n=1

ϕ0(ξ, λn)ϕ0(t, λn)

αn
dξdt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ x

a

A(µ+(ξ))×

×
∞∑
n=1

2α2

1 + α

ϕ0(ξ, λn)ϕ0(t, λn)

αn
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ x

a

A(µ+(ξ))×

×
∞∑
n=1

2α2

1 + α

ϕ0(ξ, λn)ϕ0(t, λn)

αn
dξdt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ a

−αx+αa+a

A(2a− ξ)×

×
∞∑
n=1

1− α
1 + α

ϕ0 (ξ, λn)ϕ0 (t, λn)

αn
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ a

−αx+αa+a

A(2a− ξ)×

×
∞∑
n=1

1− α
1 + α

ϕ0 (ξ, λn)ϕ0 (t, λn)

αn
dξdt−

−
∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ a

0

A(ξ)
∞∑
n=1

ϕ0(ξ, λ0
n)ϕ0(t, λ0

n)

α0
n

dξdt−
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−
∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ a

0

A(ξ)×

×
∞∑
n=1

ϕ0(ξ, λ0
n)ϕ0(t, λ0

n)

α0
n

dξdt−

−
∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ x

a

A(µ+(ξ))×

×
∞∑
n=1

2α2

1 + α

ϕ0(ξ, λ0
n)ϕ0(t, λ0

n)

α0
n

dξdt−

−
∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ x

a

A(µ+(ξ))×

×
∞∑
n=1

2α2

1 + α

ϕ0(ξ, λ0
n)ϕ0(t, λ0

n)

α0
n

dξdt−

−
∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ a

−αx+αa+a

A(2a− ξ)×

×
∞∑
n=1

1− α
1 + α

ϕ0 (ξ, λ0
n)ϕ0 (t, λ0

n)

α0
n

dξdt−

−
∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ a

−αx+αa+a

A(2a− ξ)×

×
∞∑
n=1

1− α
1 + α

ϕ0 (ξ, λ0
n)ϕ0 (t, λ0

n)

α0
n

dξdt = 0,

from which we have∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)2

dt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ x

0

2ρ(ξ)

1 +
√
ρ (ξ)

×

×A(µ+(ξ))
∞∑
n=1

ϕ0 (ξ, λn)ϕ0 (t, λn)

αn
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ x

0

2ρ(ξ)

1 +
√
ρ (ξ)

×

×A(µ+(ξ))
∞∑
n=1

ϕ0 (ξ, λn)ϕ0 (t, λn)

αn
dξdt+

+

∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ x

0

1−
√
ρ (2a− ξ)

1 +
√
ρ (2a− ξ)

×
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×A(2a− ξ)
∞∑
n=1

ϕ0 (ξ, λn)ϕ0 (t, λn)

αn
dξdt+

+

∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ x

0

1−
√
ρ (2a− ξ)

1 +
√
ρ (2a− ξ)

×

×A(2a− ξ)
∞∑
n=1

ϕ0 (ξ, λn)ϕ0 (t, λn)

αn
dξdt−

−
∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ x

0

2ρ(ξ)

1 +
√
ρ (ξ)

×

×A(µ+(ξ))
∞∑
n=1

ϕ0 (ξ, λ0
n)ϕ0 (t, λ0

n)

α0
n

dξdt−

−
∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ x

0

2ρ(ξ)

1 +
√
ρ (ξ)

×

×A(µ+(ξ))
∞∑
n=1

ϕ0 (ξ, λ0
n)ϕ0 (t, λ0

n)

α0
n

dξdt−

−
∫ x

0

2ρ(t)

1 +
√
ρ (t)

A(µ+(t))

∫ x

0

1−
√
ρ (2a− ξ)

1 +
√
ρ (2a− ξ)

×

×A(2a− ξ)
∞∑
n=1

ϕ0 (ξ, λ0
n)ϕ0 (t, λ0

n)

α0
n

dξdt−

−
∫ x

0

1−
√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)
∫ x

0

1−
√
ρ (2a− ξ)

1 +
√
ρ (2a− ξ)

×

×A(2a− ξ)
∞∑
n=1

ϕ0 (ξ, λ0
n)ϕ0 (t, λ0

n)

α0
n

dξdt = 0.

Thus we obtain∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)2

dt+

+
∞∑
n=1

1

αn

(∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)
ϕ0 (t, λn) dt

)2

−

−
∞∑
n=1

1

α0
n

(∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)
ϕ0

(
t, λ0

n

)
dt

)2

= 0.

Using the Parseval’s equality∫ x

0

ρ(t)f 2(t)dt =
∞∑
n=1

1

α0
n

(∫ x

0

ρ(t)f(t)ϕ0

(
t, λ0

n

)
dt

)2
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for the function

f(t) =
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t) ∈ L2(0, x)

we have
∞∑
n=1

1

αn

(∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)
ϕ0 (t, λn) dt

)2

= 0

or ∫ x

0

ρ(t)

(
2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t)

)
ϕ0 (t, λn) dt = 0, n > 1.

Since the system {ϕ0 (t, λn)}n>1 is compete in L2,ρ (0, π) , we have

2

1 +
√
ρ (t)

A(µ+(t)) +
1−

√
ρ (2a− t)

1 +
√
ρ (2a− t)

A(2a− t) = 0,

i.e. (LxA) (t) = 0, where the operator Lx is defined by (21). From invertibility of Lx in
L2,ρ (0, π) we get A(x, .) = 0. �

Theorem 3. Let L and
∼
L be two boundary value problems and

λn =
∼
λn, αn =

∼
αn, (n ∈ Z) .

Then

q(x) =
∼
q(x) x ∈ [0, π].

Proof. According to (9) and (10) F0(x, t) =
∼
F0(x, t) and F (x, t) =

∼
F (x, t). Then from

the main equation (8), we have A(x, t) =
∼
A(x, t). It follows from (5) that q(x) =

∼
q(x)

x ∈ [0, π]. �

4. Example

Using [27], we can transform the main equation (8) to the following equation:

(23) Ã(x, t) + F (x, t) +

∫ x

0

Ã(x, ξ)F (x, ξ)dξ, 0 < t < x,

where

(24) F (x, t) = ρ(t)
∞∑
n=1

(
ϕ0(t, λn)ϕ0(x, λn)

αn
+
ϕ0(t, λ0

n)ϕ0(x, λ0
n)

α0
n

)
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and

Ã(x, t) =


A(x, t) , 0 < t < x

A(x, t) , 0 < t < −αx+ αa+ a

A(x, t) + 1−α
1+α

A(x, 2a− t) , −αx− αa+ a < t < a < x
2α2

1+α
A(x, αt− αa+ a) , a < t < x.

We assume that λn = λ0
n = π

µ+(π)

(
n− 1

2

)
, n > 1; αn = π, n > 1; α1 = π

2
; α0

n =

π, n > 1. From the formula (24), we obtain

(25) F (x, t) =
1

π
ρ(t)ϕ0(t, λ1)ϕ0(x, λ1).

Substituting (25) into the main equation (23) we obtain

Ã(x, t) = − 1

π
ρ(t)ϕ0(t, λ1)

[
ϕ0(x, λ1) +

∫ x

0

Ã(x, ξ)ϕ0(ξ, λ1)dξ

]
,

(26) Ã(x, t) = − 1

π
ρ(t)ϕ0(t, λ1)L(x),

where

(27) L(x) = ϕ0(x, λ1) +

∫ x

0

Ã(x, ξ)ϕ0(ξ, λ1)dξ.

Substituting (26) into (27) we obtain

L(x) = ϕ0(x, λ1)− 1

π
L(x)

∫ x

0

ρ(ξ)ϕ2
0(ξ, λ1)dξ.

Using the (6), we calculate the integral into last equation. Then, we have

(28) L(x) =

{
ϕ0(x, λ1)− 1

2π
L(x)

(
x+ sin2λ1x

2λ1

)
, 0 < x < a

ϕ0(x, λ1)− 1
2π
L(x)Φ(x, λ1) , a < x < π,

where
Φ(x, λ1) =

a

2
+
sin2λ1a

4λ1

+

1

8
(α + 1)2

[
x− a+

1

2λ1

(
sin2λ1(αx− aα + a)

α
− sin2λ1a

)]
+

+
1

2
(α− 1)2

[
x− a− 1

2λ1

(
sin2λ1(−αx+ aα + a)

α
− sin2λ1(2a− x)

)]
.

From (28),

(29) L(x) =

 ϕ0(x, λ1)
[
1 + 1

2π

(
x+ sin2λ1x

2λ1

)]−1

, 0 < x < a

ϕ0(x, λ1)
[
1 + 1

π
Φ(x, λ1)

]−1
, a < x < π,
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Substituting (29) into (26) we get

(30) Ã(x, t) =

 − 1
π
ϕ0(t, λ1)ϕ0(x, λ1)

[
1 + 1

2π

(
x+ sin2λ1x

2λ1

)]−1

, 0 < x < a

− 1
π
ρ(t)ϕ0(t, λ1)ϕ0(x, λ1)

[
1 + 1

π
Φ(x, λ1)

]−1
, a < x < π,

where 0 < t < x and λ1 = π
2µ+(π)

. Thus, we obtain the solution of main equation (8). If
we use the formula (5) then, we obtain the potential q(x).

Acknowledgements

This work is supported by the Scientific and Technological Research Council of
Turkey (TUBITAK).

References

[1] Tikhonov AN, Samarskii AA, Equation of mathematical physics. Dover Books on Physics and
Chemistry, Dover, New York, 1990.

[2] V.A. Yurko, Inverse spectral problems and their applications, Saratov, 2001,497 p. (Russian)
[3] M.L. Rasulov, Methods of Contour Integration. Series in Applied Mathematics and Mechanics, v.3,

North-Holland, Amsterdam, 1967.
[4] A.M. Akhtyamov, Theory of identification of boundary conditions and its applications, Fizmatlit,

Moscow, 2009.
[5] A.M. Akhtyamov, A.V. Mouftakhov, Identification of boundary conditions using natural frequen-

cies, Inverse Problems in Science and Engineering, 12(4)(2004), 393–408.
[6] R.S. Anderssen, The effect of discontinuities in destiny and shear velocity on the asymptotic over-

tone structure of torsional eigenfrequencies of the earth., Geophys. J. R. Astr. Soc., 50(1977), 303-
309.

[7] D.N. Hao, Methods for inverse heat conduction problems, Peter Lang Verlag, Frankfurt/Main,
Bern, New York, Paris, 1998.

[8] A.A. Sedipkov, The inverse spectral problem for the Sturm–Liouville operator with discontinuous
potential, J. Inverse Ill-Posed Probl., 20(2012), 139–167.

[9] V.A. Marchenko, Spektral theory of Sturm- Liouville operators, Naukova Dumka, Kiev, 1977, 331
p. (Russian)

[10] V.A. Marchenko, Strum-Liouville Operators and Their Applications, Trans. from the Russian by
A. Iacob, Birkhauser Verlag, Basel, Boston, Stuttgard, 1986.

[11] B.M. Levitan, I.S. Sargsjan, Sturm- Liouville and Dirac Operators, Kluwer Academic Publishers
Group, Dordrecht, 1991.

[12] B.M. Levitan, Inverse Sturm-Liouville Problems, Translated from the Russian by O. E mov. VNU
Science Press BV, Utrecht. 1987.

[13] G. Freiling, V. Yurko, Inverse Sturm-Liouville problems and their applications, Nova Science Pub-
lishers, INC. 2008.

[14] R. Beals, P. Deift, C. Tomei, Direct and inverse scattering on the line, Mathematical Surveys and
Monographs, American Mathematical Society, Providence, RI, USA, 1988.

42



[15] B.M. Levitan, M.G. Gasymov, Determination of differential operator by two spektra, Uspekhi mat.
Nauk, 19(1964), issue 2, 3-63. (Russian)

[16] G. Borg, Eine Umkehrung der Sturm-Liouvilleschen Eigenwertaufgabe, Acta Math. 78(1946), 1-
96.

[17] J. Poschel, E. Trubowitz, Inverse Spectral Theory, Academic Press, New York, 1987.
[18] O.H. Hald, Discontinuos inverse eigenvalue problems, Comm. Pure Appl. Math. 37(1984), 539-577
[19] R. Carlson, An inverse spectral problem for Sturm- Liouville operators with discontinuous coeffi-

cients, Pro. Amer. Math. Soc. 120(2)(1994). 5-9.
[20] A.A. Nabiev, R.K. Amirov, On the boundary value problem for the Sturm-Liouville equation with

the discontinuous coefficient, Math. Methods Appl. Sci., 36(2013), 1685âĂŞ1700.
[21] D. Karahan, Kh. R. Mamedov, Uniqueness of the solution of the inverse problem for one class of

Sturm-Liouville operator, Proceedings of IMM of NAS of Azerbaijan, 40(2014), 233-244.
[22] B.A. Aliev, Y.S. Yakubov, Solvability of boundary value problems for second-order elliptic

differential-operator equations with a spectral parameter and with a discontinuous coefficient at
the highest derivative, Differential Equations, 50(4)(2014), 464–475.

[23] N. Altinisik, M. Kadakal, O. Mukhtarov, Eigenvalues and eigenfunctions of discontinuous Sturm-
Liouville problems with eigenparameter dependent boundary conditions, Acta Math. Hung.,
102(2004), 159–175.

[24] E.N. Akhmedova, H.M. Huseynov, The main equation of the inverse Sturm-Liouville problem with
discontinuous coefficients, Proceedings of IMM of NAS of Azerbaijan, XXVI (XXXIV), Baku, 2007,
pp. 17-32.

[25] E.N. Akhmedova, On representation of solution of Sturm-Liouville equation with discontinuous
coefficients, Proceedings of IMM of NAS of Azerbaijan, XVI(XXIV), 2002, p. 5-9.

[26] L.A. Lusternik, V.I. Sobolev, Elements of the functional analysis, Moscow, Nauka, 1965, 520 p.
(Russian)

[27] E.N. Akhmedova, I.M. Huseynov, On inverse problem for Sturm-Liouville operator with discon-
tinuous coefficients, Izv. Saratov Univ. (N.S.), Ser. Math. Mech. Inform., 10(2010), Issue 1, 3–9
(Russian).

43


