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AsstracT. In this paper, the main equation which has an important role in solution of
inverse problem for boundary value problem is obtained and according to spectral data,
the uniqueness of solution of inverse problem is proved.
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1. INTRODUCTION

In many practices, spectral problems are faced for differential equations which have
discontinuous coefficient and discontinuity conditions in interval ([1]-[8]). These prob-
lems generally emerge in physics, mechanics and geophysics in non-homogeneous and
discontinuous environments.

We consider a heat problem in a rod which is composed of materials having different
densities. In the initial time, let the temperature be given arbitrary. Let the temper-
ature be zero in one end of the rod and the heat be isolated at the other end of the
rod. In this case the heat flow in non-homogeneous rod is expressed with the following

boundary problem:

ou  O*u

p()a—p—l—q(x)u, O<z<m t>0,
Qul o =0, t>0,
0x|,_,

where p (z), g (z) are physical parameters and have specific properties. For instance,
p (z) defines the density of the material and piecewise-continuous function. Applying
the method of separation of variables to this problem, we get the spectral problem
below:

(1) "+ q(x)y = Np(x)y, 0 <z <m
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(2) y'(0) = y(m) =0,

here ¢ (z) € Ly (0,7) is a real-valued function, p (z) piecewise-continuous function the
following:

3) p(x):{l,()gxga,

A is spectral parameter and a(1 + «) > 7a.

When p (z) = 1 or a = 1, that is, in continuous case, the solution of inverse problem is
given in [9]-[19]. The spectral properties of Sturm-Liouville opeator with discontinuos
coefficient in different boundary conditions are examined in [20]-[23].

In this study, the main equation is obtained which has an important role in solution
of inverse problem for boundary value problem and according to spectral data, the
uniqueness of solution of inverse problem is proved. Similar problems are examined
for the equation (1) with different boundary conditions in [24].

It was proved (see [25]), that the solution ¢(z,\) of the equation (1) with initial
conditions ¢(0,\) = 1, ¢’(0, A\) = 0 can be represented as

()

4) o, \) = oz, A) + /M A(x,t) cos Atdt,
0

where A(z,t) belongs to the space L, (0, 7) for each fixed = € [0, 7] and is related with
the coefficient ¢(z) of the equation (1) by the formula:

d

1 1
— Az, ut(2)) = —— —_ T
(5) o (z, 1™ (x)) N (1+ p(x>>CI( )

(6) wo(z,\) = L (1 + ;) cos \ut () + cos \u~ ()

2 V()
is the solution of (1) when ¢(z) = 0,
(7) (@) = o /p() +a (15 V()

It is similary shown in [24], [21] that the roots of the equation ¢(m,A) = 0 have the

following form

(i)

d k.
A=A+ 4 2N, >0,
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where {\}? are the eigenvalues of problem (1), (2) when ¢(z) = 0, d, is a bounded

sequence, k,, € [, and norming constants:
a, = / p(x)o* (2, A\, )dx.
0

2. Main EquaTion

Theorem 1. For each fixed © € [0, 7| the kernel A(x,t) from the representation (4)

satisfies the following linear functional integral equation

2 1—+/p(2a —1t)
— A + A(x,2a —
()
(8) +F(x,t) + /# Az, ) Fy(&,t)de =0, O0<t<zx
0
where
=~ (ot M) cos Az o(t, A0) cos o
©) Fo(, ) = 2( ot dcondur _ pult ) )

(10)  Flat) = % (1 + %) ol (2).1) +% (1 _ %) Fo(u (), 1)

{/\2}2 are eigenvalues and o° are norming constants of the boundary value problem (1),
(2) when q(x) = 0.

Proof. From (4) we have
ut(x)
(11) wo(x,\) = p(z,\) — / A(z,t) cos \tdt.
0

It follows from (4) and (11) that

el Aenlts ) _ 3 (mx, An)olt )

Q
n n—1 n

()
#olts An) / " Ao Cos)\nfd§> _
0

Qn

n=1

N OJ,’)\ 0t,>\n 0I,>\2 0t,>\2
Z(s@ Jeo(t, An) — @ol(z; Ap)gol )>+

0
n=1 An Qn

Z‘PO t>\)_|_

ut(z) N
+/0 A(ZE, 6) Z (900(]57 An) COS )\né . @0(757 )\701) COS )\915) df_l_

ap al

n=1
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wh (@) wo(t, A\2) cos A2
o[ Ay A

n=1 n

EN: o, Aot An) i (@A)t An)

(07 (6
n=1 n n=1 n

+(t) N
_/Ou Alt.6) Z o(x, Ap) cos /\nédﬁ.
n=1

Qp

Using the last two equalities, we obtain

(@A)t ) ol AD)eo(t, N0
> ) -

o, a)

n=1

N ooz, M) ol A o(@, A2)(t, X°
:Z(w( Jeo(ts An) — po(, An)eo( ))+

0
— (07% (0%

ut@) (t, )\0 0
+/ Az, €) Z“OO JOOS AnE e
0

—i_/'lﬁ_(‘Z ZN: ((’00 t )\ COS Ang 90()(-[:7)\%) COs )\25) dé“i‘
0

o9
n=1

pr () N T, A\p) COS A,
+ [ A(t,oz*‘)( )03 g
0 n=1

n

or

(12) (I)N(.T, t) = ]Nl(ﬁ,t) —+ ]N2<$,t) —+ IN3<LL’,t) + IN4<I,t),

where

Oy(z,t) =Y <¢<x>An>@(ta M) ol )\2)800(75, A%)) |

ay, a)

oy, (a%

INl(x,t) = Z (900<x’/\")900(t’ /\”) . (,00($,)\9L);00<t,/\2)) :

wt (@) (t,\%) cos)\o
Ina(z,t) ::/ Az, €) Z 2ol S e,
0

*(x) N
Ins(z,t) == /OM Az, €) Z (¢o(t,>\n cos An§ wo(t, \2) cos )\2§> i
n=1

)
o™ al

ut(t) N
IN4(I',t) — /(; ! A(t, g) Z 90(-/177 >\n) COS )\nfdf
n=1

n
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It is easily found by using (9) and (10)
00 0 .
Fla,t) =S (%(Wn)wo(t, ) wo(x,An);po(t,An)> |

oy, ad

n=1
Let f(z) be an absolutely continuous function, f'(0) = f(7) = 0. Then using expansion

formula (see [21]),

Z/ FOp 22D g g,

(13 > [ gty XOel ) g g

0
Qp

/f @Nxt)t‘

Using (13) we have:

lim max
N—o0 0<z<m

. g Al An)e(t A AR)eo(t, A
N oz, An)o(t, An)
<;znm{or£3;a/f V2 e
0
” . / £ Zwo A0 ) } — 0.

N

T po(, An)0o(t, An) o, A0)@o(t, A7)

~ lim / f(t)p(t)z< ) _ ag )dt_
(15) - /ﬂf(t)p(t)F z, 1)dt

0
It follows from (6) that
Po(&: ) , §<a

16 A =
(16) cos A§ {ﬁ—aaw(nga__)‘)Jr_ 020 —€,)) , £>a.

Taking into account (16) and (13), we get

N—oo

o AL
= Jm_ [ sttt /0 wﬁz% )OS M€ e —
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~ Jim / () / Z“OO (€N gears

ar—oata
M];ggo/ 0 / Afr,€)x

Ot,)\g +a—a,>\2
- lt (s )

0
o

dedt+

n=1

P10 gy, ”f(t) () / " Ao
1+aN—>oo P a T

0

Z Polt An)e €’A")d§dt _

:/ xg/f Z@O ’A9‘>dtd§+

2 / “‘”“Au,g) / F(t)plt)

- 900(757/\2)800(% +a-— Zv)‘%)
Xy " dtdé+

n=1

1—a ar—aa+a ™
e [ awe [ swenx

- @0(t7/\2)900(2a _ 67)‘2)
x> ;
n=1

dtde =
an

B @ 20 ar—aata 5
_/O A(maf)f(f)df"i_ 1"’06/(1 A(I‘,f)f( —|—a—a) d€+

1l -«

ar—oaa+ta
e [ A a—g
Substituting é +a— %2 — ¢ and 2a — § — £ we obtain

Jm [t = [ awo)f © de+

+1+ i A(z,af —aa+a) f (&) de'+

11—«

+ 14+« /—am+aa+a A(‘T’ 20 gll)f (6//) dé-”.

Since A(z,2a — &¢") = 0 when 2a — £ > ax — aa + a, we have

Nhféo/ FO)p(t) Ina, 1)t = /OGA(x,t)f(t)dtJr

2a

A _
+1+04/a (x,at —aa+a) f (t) dt+
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l—a [
1+a/0 A(z,2a —t)f () dt.

Thus, uniformly on = € [0, 7] :
2p (1)

]gggo/f (1) Lo £)dt = /ol+\/_ )] (1) di+

1 —+/p(2a—1)
a7 +/0 1+\/m14(x,2a—t)f(t)dt.

Using (9), uniformly on z € [0, 7]

™

lim f@)p(t)Ins(w,t)dt =

N=o0 Jo
, T wh(e) al wolt, A\p) cos A&
= Jim_ [ 7000 /0 A, €) Zl( P
o(t, A2) cos)\o

d&dt

:jéﬂf@wﬁxéu( ($5)§;(¢atA£amN£_

n
n=

wo(t, \0) cos A0

0
o

)%ﬁ:

™ ut(x)
(18) = [ son) [ A me naar

Using the residue theorem and the formula 3 A”” 2”) wfg ) (see [21]), where 1 (, \) is

the solution of (1) with initial condition ¢ (7w, \) = 0, ¥’ (, )\) =land A(\) = ¢(m ) is
the characteristic function of (1)-(3), A(\) = 4 A ()), we calculate

N

n=1 n
. NACEO _
_2£§;/1f ‘AKN e [: A(t, €) cos ApEdedt
. UGN _
—2]\}13100/ f(t) ‘)\ |<N )\A()\)/o A(t,{)cos){d{] dt =

:Qﬁ&/ f %mf A& l/ A(t, €) cos \eded)dt =
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: w _ +
~ lm ol Tl (1) = [TmA et ()
7TZ

N—o0

x / A(t, €) cos \eded)dt =

_ / i F()p(t) lim ?{ @/’ QT (0 =T (0 o
0 N—)oo 7TZ

)
(19) x / ' A(t, €) cosAfdfdA) dt
0

where I'y = {\ : |\| = N} . Since (see [21])

e ImA|(u* (m)—pt (2))
Y(.)) = 0 0 S

IAN)| > CelmAT @\ e Gy,

(Gs = {\:|A—=\,| =6}, 0 is a sufficiently small positive number) and according to
Lemma 1.3.1 from [9]

| ImAlut (1) —0

lim maxe
[A| =00 0<t<T

ut(t)
/ A(t, &) cos A\edEdN
0

from the equality (19) we get
(20) lim [ f(t)p(t)Ina(z, t)dt = 0.

Multiplying both sides of (12) by p(z)f(x), integrating from 0 to 7, tending to limit
when N — oo and using (14), (15), (17), (18) and (20) we have

T 2p(t) 1— (2a—t)
/01+\/— xﬂ())f(t)dt—l—/o 1+m x,2a —t)f (t) dt+

T ™ pwt(z)
" / F(p(t) e, Hdt + / F()o(t) / Al €)Fo(&, t)dedt = 0.

Since f(z) can be chosen arbitrarily, we obtain

() e LoVPRa—D
A ) e Al 2= ) 4 e )+

ut(z)
[0 Aw o Re g =0,
0
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3. THEOREM FOR THE SOLUTION OF THE INVERSE PROBLEM

Theorem 2. For each fixed = € [0, 7] main equation (8) has a unique solution A(x,.) €
Lo, (0, p* ().

Proof. We show that for each fixed = > a the equation (8) is equivalent to the equation
of the form (/ + B) f = g where B is a completely continuous operator, [ is an identity
operator in the space L, ,(0, 7). (When z < « this fact is obvious.)

When = > a rewrite (8) as
L A(z,.) + K, A(z,.) = —F(x,.),

where

f)+352f(2a—t) , t<a<u,
maflat—aa+a) |, a<t<uz

(21) (Laf) (8) = {

) 0= [ O VR (€ dE, 0 <t <,

It is sufficient to prove that L, is invertible, i.e. has a bounded inverse in L, , (0, 7).
Consider the equation (L, f) (t) = ¢(t), ¢(t) € Lo, (0,7), i.e.

fO +2f2a—t)=6(t) , t<a<u,
=flat—aa+a)=9¢(t) , a<t<um
From here it is easily to obtain

F(t) = (L:'9) (t>:{¢<>— 1 (thawte) | § < g

nga(b(tJraa a) 7 t> a.

o

We show that
£, = 122" 0] < Cligll,, -

™ 2
[Tirora= [ - 5% (2 e
0

2
o

In fact,

1 t —a\|? a
;“¢<‘“f “) ﬁgQ/‘W@Fﬁ+

+2(1—a> ¢( t—i—oza—i—a)‘ it
+(1+oz) (t—l—aa—a)‘ it <

aa+ta

<2/‘w ) dt + u2a)/(X|@Wﬁ+
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T+aa—a

+a(1;a>aAQWQﬂ%ﬁ

We put ¢(t) = 0, when ¢ > 7. Then

ALWWﬁSCAPWWﬁ:CWWMMmy

So the operator L, is invertible in L, , (0, 7). Then according to Theorem 3 from [26]
(see p. 275) it is sufficient to prove that the equation

2 At + Vel

14+ /p(t) 1+ +/p(2a —1t)

A(2a —t)+

pt ()
(22) = [1 AR o

has only trivial solution A(¢) = 0.
Let A(t) be a non-trivial solution of (22). Then

1—+/p2a—t)

/0 Pt) <1+ \/p(t)A('u #)+ 1+ +p(2a—1)

A(2a — t)) dt+

1—+/p(2a—1)

+/0 p(t) <1+— WA(M (1) + 1+m14(2@—t)> X

(=)
<[ a@ R e ~o.
0

From (9) we have

e 2 N 1—+/p(2a—1)
/0 () <1+ \/p(t)Aw #)+ 14+ +/p(2a—1)

T 2p(t) + wr() %
aéfifﬁﬁmM@»A A(€)

y i (900(757 An) cos A€ o(t, Ap) cos A€

ap al

A(2a — t)) dt+

)%m+

n=1

1 —+/p(2a—1) (@)
+/0 = —p(2a—t)A(2a_t>/o A(&)x

« i (@o(ta An) cos A o(t, %) cos \O¢

ap al

)%m:o

n=1

Using (7) and (16) we obtain
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N 1-— p(2a—t)

/(; p(ﬂ <1+—\/MA<M (t))+1+m (2 _t)> dt+

T 2p(t) ¢ ©o(&, An)po(t, An)
o[ A [ A(&)% i

] — p(2a—t) a % gpo(é_,/\n)(p()(t,/\n)
t A0 [ a3 AR e

wf 200y / T e

L++/p(t)
200 @0 (£ +a—2 M) o (t,An)
> = o d¢dt+

n /n ‘:11‘ P20 1) g 4 / WWGA(@X

20 w0 (E4a—2A) @t )
le

2 — - dédt+
o H_ny_ e [ A
XZ_; L—FZ%(?@ fin)soo(mn)dgdH
[ [ o
xzili‘i% o

T 2p(t ) o€ A))wo(t, AD)
/O = A / Z dedi—

1— p(2a t) 0o(&, A0)o(t, AD)
/0 1+ +p2a—1) A2a / Z i
o / " WA@X

L++/p(t)
= 2a 900(§+a—£»)\91)900(t7>\2)
a o dédt—
X;HQ e ¢
T _ ) (2(1 o t) /aac—aa+a
2a —t A(€)x
/(] 1—|—\/ 2a—t ( ) a (€>

xi 20 ¢o (5 +a—270) ¢o(t,A))

— 1+a a?

dedt—
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B T Qp(t) ar—aa+a
| F A ) JIGE

1 —apy (20— & X0) g (1, \)
X21+a 5 dedt

B O ) (20’ o t) B ar—aa+a
/o 1+m‘4(2a ”/a A

1 —app (20— & N0) @o (£, %)
n n) dedt =

Substituting {§ — = ¢ 4q— g in third, fourth, ninth, and tenth double integrals and
¢ — 2a — £ in fifth, sixth, eleventh and twelfth double integrals we get

e 2 1-— p(2a—t) :
/ pot)(l+ S )+ e A —t)) dt+

T 2p(t) . e @o(&, An)po(t, An)
N / S () / A@; oo dedt+

1-— p(2a t) a 0o o€ )0 (t )
+/0 14+ +/p(2a—1t) A(2a _t)/o A(f); o dedt+

T 2p(t) ’
N / o A o) / At (£))x

2. 202 0o(&, An)wo(t, An)
dédt
x Z 1 + « (7% 5 "

1 - P(2a—t) ’ + «
+/O o A(2a t)/a A (6))

= 202 ©o(&, An)po(t, An)
% z::l o o dédt+

v 2p(t) + ‘ a—
+/0 1+ \/,O(t)A(M (t)) \/—ax-i-oza-&-aA(z g)x

1 — o (€, 0) o (t, An)
y Zl — o dedt+

T1—+/p(2a—1t) @
+/0 14+ +/p(2a —1t) A2a 1) /—ar+aa+aA(2a &

1 —a (&) @0 (t, M)
dedt—
XZ]_+@ (7% 5

[ 2 [ o
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1—+/p(2a— t) a
/0 1+ /pa_1) A2a f>/0 A(§)x
% Z ¥o 57 )\no)f@o(t, )\2) dgdt

| s At (0) [ A €)%

/00
y i 123 . pol&, An;;jo(t, ) e
- [ e aee—n [ ey
) i 27 gole Ko O)éo o020

x 2p(/t) " ' a — X
B /0 H—p(t)A<’u (t)) \/;aax-l-aa—l-a A(2 €>

01— o (6,00 o (£,20)
Z = ) dEdt—
% :11—{—a a% 5

1—4/p(2a—1) B a B
_/0 1+m14(2a t) /;aw+aa+aA(2a £)x

1—Oésoo(€,An)<po(t A0) B
le—l—a det—O,

n

from which we have

’ 2 + 1—+/p2a—1) B 2
/op(t)<1+\/m’4<“ (t))+1+m,42 t)) di+

T_2l) vy [ 2p()
+/o 1+\/p(t)A(M (t))/o 1+\/—

At (€)Y (&) 20 (FAn) g g

Qn

n=1

Va0 4,y [T 2O
—i—/o 1+\/m14(2a t)/o 1+\/_

XAt () i 20 (& An) 0 (b w) g4

Qp

n=1

t2t) s 1—+/p2a—-¢)
+/0 O (t))/o 1+ \/pRa-9
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XA(Q(I — 5) i £0 (5’ )\"C)YSOO (tv )‘n) dfdt—i—

n=1 n

l-Vp(2a-1), "1 /p(2a—¢)
| e e

XA(Za . 5) Z 200 f, )\n) ¥o (t, /\n) dedi—

n

Y O To2p(6)
/01+\/m14(u+<t>>/0 0

car () Y0 A o) ey

n

n=1

Ve oy gy [T 2
| e | s

car () 30 A o) ey

n

n=1

[ 20(t) n 1= Vp(a—9)
/o 1+\/p(t)A(M (t)>/o 14++/p2a—2¢)
) i o (£,A9) 20 (£,\0) st

X A(2
/1— P2a=1) 4o t>/“1— p2a-9
0o 1++/p(2a—1) o 1++/pa—9)

xA(2a - ¢) Z folé Ag{lg@ 0 () g —

n=1 n

Thus we obtain
1—+/p(2a — t)

/0 ot <1+— \/p(t)Aw )+ 13 Jr(a—1)
= 1 r 2 1— p(2a — t) 2
+;Oé_n (/0 p(t) (H— mA(/ﬁ(t)) + T m A(2a t)) ©o (t, \n) dt) _

: ' 2 + 1—+/p2a—1t) - . 2_
_;a—%</o p(t)(HWA(M (t))+1+\/mz4(2a t)) @0(t,An)dt> —o.

Using the Parseval’s equality

[ oo =32 ([ srsto ety ac)

n=

A(2a — t)) dt+
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for the function

B 2 N 1—+/p (2a — t) B -
we have
> 1 v 2 N 1—+/p(2a—1t) B : _
or
’ 2 N 1—+/p(2a — t) B B .
/O p(t) (H—WA(M ) + 1+ m 2 t)) %0 (tv )‘n) dt =0, > 1.

Since the system {¢y (f, \,)},,-, is compete in L, , (0, 7) , we have

2 A )+ 1—+/p(2a—1)
——A(u
14+ p(t) 1+ +/p(2a —1)
i.e. (L,A)(t) =0, where the operator L, is defined by (21). From invertibility of L, in
Ly, (0,m) we get A(z,.) =0. O

A(2a —t) =0,

Theorem 3. Let L and L be two boundary value problems and

~

A =An, Op =y, (NEZ).
Then
q(z) = q(z) = € [0, 7).

Proof. According to (9) and (10) Fy(x,t) = Fy(z,¢) and F(x,t) = F(z,t). Then from
the main equation (8), we have A(z,t) = A(x,t). It follows from (5) that ¢(z) = q(x)
x € [0, 7. O

4. EXAMPLE

Using [27], we can transform the main equation (8) to the following equation:

(23) Az, t) + F(z,t) + / Az, &)F(z,6)de, 0<t<u,
0
where
= (2ot \)wo(x, M) . ot A2)po(x, AD)
(24) ; ( " + a0 )
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and

A(z,t) : O<t<zx
fl(x,t): Az, t) , O<t<—axr+aa+a
Az, t) + F2A(x,2a—t) , —ax—aa+a<t<a<z
i%i (x,at —aa+a) a<t<ux.
Weassumethatkn:)\gz#(ﬂ)(n—%), nzl a,=m n>1 a =3;

m, n > 1. From the formula (24), we obtain

1
(25) F(z,t) = —p(t)po(t, A)po(z, M).

Substituting (25) into the main equation (23) we obtain

A(.I',t) = _%p@)()ﬁO(t?Al) [@0(377/\0 + Ax A(.’L’,f)(p()(f, Al)df )

26) Ae 1) = ——p(O)g(t W) L),

where

@7) L(@) = pola, M) + / A, €)p0(€, M )de.
0

Substituting (26) into (27) we obtain

L(w) = oo M) = 2L(0) | o6 M)

Using the (6), we calculate the integral into last equation. Then, we have

_ L sin2\1z
(28) L(z) = wo(z, M) — 5-L(z) (x + sz ) , O<z<a
po(z, M) = 5= L(2)®(z, A1), a<a<m,
where
a sin2\a
(I)<I7/\l> - §+ 4)\1
1 1 S1N2\, (afaj —ax + a) .
_ 1 2 . L _
8(CY+ ) [x a—+ N < - sm2/\1a>] +
1 2 1 Sln2/\1(—(1/x + aa + CL) '
+§<Oé 1) {x a W ( - —sin2M\(2a —z) | | .
From (28),
-1
1 sin2\1x
(29) L(z) = ol A1) [1 + <$ + 555 _)1] , O0<z<a
o, A1) [1+ 202, A1) , a<z<m,
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Substituting (29) into (26) we get

. —1
(30) A(.T,t) _ _%300(757 )\1)800(.1’, )‘1) [1 + % (.T + %)}1 ) 0<z<a
_%P(t)@o(ﬂ /\1)900(% )‘1) [1 + %(D({L‘, )‘1)} y 4 <T<T,
where 0 <t < z and \| = 2M+(7r) Thus, we obtain the solution of main equation (8). If
we use the formula (5) then, we obtain the potential ¢(z).
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