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Asstract. We prove that canonical Dirac expression with linear potential generates
operators on axis and half axis, for which we can find the eigenvalues and eigenfunctions
in explicit form. We construct the perturbations of these operators with in advance
given spectra.
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1. THE OPERATOR ON WHOLE AXIS

The system of differential equations

(1.1) ly = {B% + Q(x)}y =\y, y= ( il ) ,
2

is called Dirac canonical system (see [1], [2] ), if

(01 R CORC)
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Matrix-function €)(-) is usually called the potential. We assume that p,q are real-
valued, local integrable functions. )\ is a complex (spectral) parameter, A € C.
By L(p,q) we denote a self-adjoint operator (see [3]), generated by differential ex-

pression ¢ in Hilbert space of two-component vector-functions L?((—oco, c0); C?) on the

domain
D={y= " )im € L¥(=o00,00) N AC(=00,0);
Y2
(1.3) () € L*(—00,00), k = 1,2},

where AC(—o00,00) = AC(R) is the set of functions, which are absolutely continuous
on each finite segment [a, b] C (—00,00), —00 < a < b < 0.

At first we consider an operator L(0,z) (with p(z) = 0 and ¢(z) = x), which corre-
sponds to the system
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d
(1.4) ly = {B% + Qo(:v)}y = \y,

0
where Qy(z) = g , on the domain (1.3). This operator we call Dirac operator
T

with linear potential.

Definition. The values of the parameter )\, for which the system (1.1) has non trivial
solutions from D C L?((—o0,00);C?) are called eigenvalues and the corresponding
solutions are called eigenfunctions of the operator L(p, q).

As it follows from the results of [4] and [5] the spectra of this operator is pure discrete
and consists of simple eigenvalues. The eigenvalues of the operator L(p,q) we will
denote \,(p,q) with corresponding enumeration. One of the sufficient conditions for
discreteness of the spectra is (see [4])

(1.5) lim [p*(@) + ¢*(2) = VP (@)? + (@ (@)7?] = 0.

|x|—o00

It is easy to see that in our case (p(z) =0, g(z) = x) the condition (1.5) holds.
Writing the system (1.4) componentwise:

(1.6) —yy + Ty = Aya,
(1.7) Yo + TY2 = Ay,

we can obtain two second order differential equations for both y; and y, separately:

(1.8) —yi + 2%y, = (N = D)y,

It is well known (see, e.g. [5]) that the equation

—y' + 2%y = py
has solution from L?(—oc,o0) only for 4 = 2n + 1, n = 0,1,2,..., and corresponding
solutions are Chebyshev-Hermite polynomials

2
n, ,—T
w2de

dzn

(1.10) H,(z)=(—-1)"e
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Therefore, \ can be eigenvalue of L(0,z) only if A2 — 1 = 2n+1,i.e. A? = 2(n+1). Thus,
if A = Ay, = £/2(n + 1), then the solutions of the equation (1.8) are

yi(z) = Hy(z), n=0,1,2....

At the same time \> +1 = 2n+3 = 2(n+ 1) + 1 and consequently the solutions of the
equation (1.9) are

ya2(z) = Hppa(z), n=0,1,2....

The Chebyshev-Hermite polynomials have the properties (see [5])
H',(x) =2nH, 1(x), H,1(x)—2xH,(x)+ 2nH, 1(x) =0 n=12....

The general formulae for H,(z) are

1 ~D(n-2)(n—3
Hy(x) = (22)" —”(”1, ) 2y 4 A )<”2, )0 =3) gty
in which the last member is (—1)%#!2)!, for even n and (—1)Q((n_”—1!)/2)!2x, for odd n.

Thus, we note that Hy,1(0) =0,for k =0,1,2,....
It is well known (see, e.g. [5]) that the squares of the L?-norm of H,(z) with the

weight e~ is equal

/ H2(z)e " dx = 2"nl\/7

and
/Oo H,(2)Hpn(z)e ™ dz = 0, nm=0,1,2..., n#m.
Therefore, if We_;;ke
(1.11) on(x) = C’ne*éﬂn(x), n=0,1,2,...,
where
(1.12) o -1

V2T
then the system {p,(z)}32, will became orthonormal system on whole real axis. It is
called the system of Chebyshev-Hermite orthonormal functions. Now let us show that

U_n(z) = ( —zzn(;()x) ) 7

0
1.13 UO x) = )
( ) @) ( ¢o() )

vector-functions



(@) = son_lm),

for n = 1,2,..., corresponding to eigenvalues \_, = —v/2n,\qg = 0,\, = V2n, are
eigenfunctions of the operator L(0,z). At first we will show that forn =1,2,...:

0l () + zon(z) = V2n0p_1 (1),
(1.14) {

—¢h, 1 (x) + 31 () = V200, ().
Indeed, for ¢/, (z),n =1,2,..., we have
o (z) = —Cnxe’ﬁHn(x) + C’ne’éH;l(x) = Cne’% (H! () — xH,(x)),

Putting these into the left side of the equation (1.7) and using the property H',(z) =
2nH,_1(z) we will get equalities

(@) + wpn(z) =
Ce % (H,,(z) — xHy(2)) + aneféHn(“;) =
Cre™ % H} () = Coe™ 7 2nH, 1 () =

2 2nC’n

K:%zCn_le_% no1(x) = Kgpn_l(x).

Taking into account (1.12), we see that the fraction % 2nCn — /2n. Thus, we have

o (x) + zon(x) = V2np,_1(2), n=12....

In the similar way we obtain the following equations (here we use the property H,,,;(z)—
2eH,(z) +2nH,_1(x) =0)

~¢ha (@) + rpui(z) = Vonga(x),  n=1.2,.

Thus, we have (U, (z) = v2nU,(z), n = 1,2,...,1i.e. Uy(x), n =1,2,..., are the eigen-
functions of the operator L(0, z) with the elgenvalues M(0,2) =v2n, n=1,2,....
U_,(x) will satisfy to the system

(&) + 202(a) = (~VED) (s (2))
(1.15) {
(

—¢h (@) + 2(—pn-1(2)) = (—V2n)pu ().
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In fact the systems (1.15) and (1.14) coincide, which means that forn =1,2,... U_,(x)
are also the solutions (eigenfunctions) for the system (1.14) ((1.15)) with the eigenval-
ues A_,(0,x) =—v2n, n=1,2,....

1 .
Uo(z) satisfies to the system (1.4), when \(0, ) = 0 (note that py(z) = —e 2 and
T
1 2
@o(r) = — (=) 2)
T4
1 »2 1 2
306(‘%1) + $QOO(ZL‘) = —1(—1’)6_7 +r—e 2 = 07
T T4
1 .
—0+$'0:0-—le*7,
T4

So, such defined vector-functions U, (z), n € Z are eigenfunctions of the operator
L(0,z) with the eigenvalues )\, (0, x) = /2|n|sign(n), n € Z.

2. THE OPERATORS ON HALF AXIS

For a € ( — %,%], by L(p,q,«) we denote the self-adjoint operator, generated by

differential expression ¢ (see (1.1)) in Hilbert space of two component vector-functions
L*((0,00); C?) on the domain

Do ={y= ( o ) g € L2(0,00) N AC(0, 50):
Y2

(2.1) (0y)r € L*(0,00), k = 1,2; 41(0) cos a + y2(0) sina = 0},

where AC(0, 00) is the set of functions, which are absolutely continuous on each finite
segment [a,b] C (0,00),0 < a < b < co. The eigenvalues of such an operator we will
denote by \,(p, ¢, @) (in corresponding enumeration).

It is easy to see that if in boundary condition y;(0) cosa + y2(0)sinaw = 0 we take

a = 0, then we have condition

(2.2) y1(0) =0,

and if we take a = 7, we obtain boundary condition
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It is easy to see from (1.10)-(1.13) that the eigenfunctions of the operator L(0, z,0) are
vector-functions Uy, (z), which correspond to the eigenvalues A\, (0,2,0) = A\ (0,2) =
2¢/|k|sign(k), k € Z. And the eigenfunctions of the operator L(0,z, ) are vector-
functions Uy () which correspond to the eigenvalues A\ (0,z,7/2) = Ay11(0,2) =

2|2k + 1]sign(2k + 1), k € Z.

By ¢ = ¢(x, A\, a, 2) we denote the solution of the Cauchy problem (a € C)

— COS ¥

2.4) ty = Xy, y(0>=< s )

on (0,00), and we denote this problem by S(p, ¢, A, a). Such solution exists and unique
and its components ); and 1), are entire functions in parameters A and « (see, e.g. [6]).

If « = 0 and Q = Qq, then ¢(x, A, 0, ) satisfies to the boundary condition (2.2) and
in order to be an eigenfunction of the operator L(0, z,0) it must be from L?(0, oo; C?).
As we have seen recently, it is possible only when A\ = M\ (0, 2) = 2+/|k|sign(k), k € Z.
Thus the eigenvalues and eigenfunctions of the operator L(0,z,0) are \;(0,z,0) and
W(x, M\ (0,2,0),0,Q0) = (x, Ay (0,2),0,9), for k € Z.

Let us now consider Cauchy problems S(0, z, A, (0, z,0),0), for n € Z. It is easy to see
that the functions

U m (.CE )
©20(0)’
are the solutions of the these Cauchy problems. At the same time V,,(x) are eigenfunc-

(2.5) Vol(z) = n € 7,

tions of the operator L(0, z,0) which correspond to the eigenvalues ), (0, z,0), for n € Z.
Since the solution of Cauchy problem is unique, it follows that

(2.6) Vo(z) = ¥ (z, A, (0,2,0),0,), n € 7.

The squares of the L?-norms of these functions

= (0, 2) = Vo ()| = / Vi (@) + [V ()P

are called norming constants. Using (1.11)-(1.13) and (2.5) we can easily calculate the

values of the norming constants:

ml/2 1 47 (n)2m1/?
o = y  G—p = 0ap = = )
T2 [e2n(OF  (2n)!

The norming constants and eigenvalues are called spectral data of the operator L(0, x, 0).

n=12,....

Thus, we have two "model” operators on half axis with pure discrete spectra, for

which we know eigenvalues, eigenfunctions and norming constants. Now we want to
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construct new operators (with in advance given spectra) on half axis, starting from

these "model” operators.

3. ON THE CHANGING OF THE SPECTRAL FUNCTION IN FINITELY MANY POINTS

The spectral function of an operator L(0, z,0) is defined as [1, 5]

P()\) = { ZO</\n§>\ a:zl? A >0,

- ZA<>\"§0 a;17 A <0,
and p(0) = 0, i.e. p(\) is left-continuous, step function with jumps in points A = \,
equals a'.

In what follows §(x) is Dirac J-function (see, e.g. [7]), ¢;; is Kronecker symbol and
vij(z) = [, Vi*(s)V;(s)ds, where by the sign * we denote a transponation of vector func-
tions, i.e. ¥*(x, ) = (¢Y1(x, \) ¥a(x, A)), (note that v;;(z) is a scalar function).

In this paragraph we will answer the question, what will happen with the potential
() if we change spectral data, i.e., if we add or subtract eigenvalues and change the
values of norming constants. It was proved (see [8]), that if p(\) is a spectral function
of some self-adjoint operator L(p, ¢, a), then a function 5(\), which differs from p(\)
by only for finite number of points and is still remaining left-continuous, increasing,
step function, is also spectral. It means that there exists a self-adjoint canonical Dirac
operator L(p, G, o), for which j()) is spectral function.

At first, we want to construct a new operator f/(jo“, d,0), which has the same spectra
as L(0,x,0) except one eigenvalue. For instance, if we extract eigenvalue \y(0,z,0) = 0
we will get the following

Theorem 3.1. Let p()\) is a spectral function of the operator L(0, x,0). Then the function
p(N), defined by relation

~ p()\>7 A S >\07
p(A) = .
p(A) —ag -, A > Ao,

where ag = \/7/2, i.e.

3.1) 50N = dp(N) — = 5( — Ag)dA

Qo

is also spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L

- d -
generated by the differential expression | = B% + Q(x) and the boundary condition

18



(2.2), for which p()\) is spectral function. Wherein, the potential function Q(x) is repre-
sented by the following formula

(3.2) Qz) = )

T — = 0
ag — fo e=s*ds

and for the eigenfunctions we obtain the formulae

Vn,l (.T)

(3.3) Vi(z) = 2 a8 C nez\o).
Vo) + e T [ e TV, 0(s)ds

X
ag — fo e=s*ds

Proof. At first we denote ¢)(x, \) = ¢(z, X,0,Q) and ¢(z, \) = ¥(x, X, 0,Q). It is known
(see[1, 2, 5,9, 10]), that there exists transformation operator I + G:

(3.4) D, A) = (T+ G)b(a, \) = v, A) + /O " Gla, s)b(s, \)ds,

which transforms the solution v (z, \) of the Cauchy problem S(0,x, A, 0) to the solu-
tions zﬁ(x, A) of the Cauchy problem S(p, ¢, A, 0). It is also known (see, e.g. [1, 5]), that
the kernel G(z, y) satisfies to the Gel'fand-Levitan integral equation:

(3.5) G@M+F@w+/CWwW@w®=Q 0<y<a<oo
0

where matrix function F(z,y) is defined by the formula

3.6) F@y%=[%w@AWﬂ%MﬂﬂM—pOﬂ

It is also known that the potentials Q(x) and Qy(x) are connected by the relation

(3.7) Qz) = Q(z) + G(x,2) B — BG(z, ).

From the (1.10)-(1.13) and definition (2.5) it follows, that V" (z) = (0 e‘é). Putting
the relation (3.1) into (3.6), and using (2.6), for the kernel F(x,y) = Fy(z,y) we obtain:

Fo(w,y) = —ag (@, 2)¥" (y: Ao) = —ag Vo(2) Vi (y) =

(3.8) ! !
. = ac2 y2 .
0 —aale_( .
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After some calculations from the equation (3.5) and formula (3.8) for G(z, y) we obtain

1 0 0
Go(z,y) = o — faz efszdsv(](x)%%y) = 0 6_(1 Ea
‘ fom e=sds

Now taking into account (2.6), putting Gy(z,y) into the equations (3.4) and (3.7) we
can easily obtain (3.2) and (3.3). Theorem (3.1) is proved.
]

Now we want to subtract any finite number n of eigenvalues. For this reason we

denote by Z, the arbitrary set of finite » number of integers, in increasing order, 7, =
4

{21, 29y ... ,Zn} CcCZ (e.g., if Z4 = {Zl, 29,23, 24} = {—127, 0, 32, 1259}, for Z Sz = S—127 -+
=1
S0 + 832 + S1250).

Theorem 3.2. Let p()\) is the spectral function of the operator L. Then the function
p(N), defined by relation

n

(3.9 dp(N) = dp(A) = Y " az'0(A = A, )dA

k=1
also is spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L

- d .
generated on half axis by the differential expression | = B e + Q(z) and the boundary
condition (2.2), for which j()\) is spectral function. Wherein, the potential function Q(x)

is

(3.10) () = (p@’”) () >

Q(l‘7 n) —p((ﬂ, n)

where p(z,n) and q(x,n) are defined by the following formulae:

plen) =~ 45t ZZ z) det SO (x, n),

k 1 p=1
1 n 2
_ p 1

: . _ n k
where S(x,n) is n x n square matrix S(x,n) = {J.,., — azjlvzizj (z)}7,-1 and S;(, )(:v, n) are

matrices, which are obtained from the matrix S(z,n), when we replace k-th column of
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S(x,n) by Hy(z,n) = {a;'V., ,(x)}}_, column, p = 1,2. And for the eigenfunctions Vi ()

( m € Z\Z,) we obtain the representations

Vi) + o5 IEMELELUEN
Vm(x) =
L5 (*)
Vina(x) + TS Vsom () det Sy (2, 1)

o

=1

Proof. In this case the kernel F(z,y) can be written in the following form:

n

(3.11) F(z,y) = Fu(z,y) = Y —a,' Vo, (@) V2 (1),

k=1
and consequently, the integral equation (3.5) becomes to an integral equation with
degenerate kernel, i.e. it becomes to a system of linear equations and we will look for

the solution in the following form:

(3.12) Go(2,y) =D g (2)V2 (1),
k=1

where g,, () = ( gzk,1gib‘§ ) is unknown vector-function. Putting the expressions (3.11)
gzk,Q €
and (3.12) into the integral equation (3.5) we will obtain a system of algebraic equa-

tions for determining the vector-functions g., (z):

(3.13) 9o (@) =Dzt (2)ge,(v) = a! Ve (x), k=1,2,....n.
=1

It would be better if we consider the equations (3.13) for the vectors g., (z) by coordi-
nates g., 1(z) and g., »(x) to be systems of scalar linear equations:

Gz p(T) — Za;jvzizk ()92 p(x) = a;leZk,p(:U), k=1,2,...,n, p=12.
i=1

The latter systems might be written in matrix form

S(x,n)gp(z,n) = Hp(Ivn)v p = 172a

where the column vectors g,(z,n) = {g,, ,(z,n)}}_;, p = 1,2. The solution of this

system can be found in the form (Cramer’s rule):
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det S5 (x,n)
det S(z,n) ’

Thus we have obtained for g¢., (z) the following representation:

(2.1) = 1 det ka) (z,n)
JalH T = et S(z,n) \ det S (z,n) |

Using these g, (z,n), from (3.12) we find the function G, (z, y). Now taking into account

gzk,p(‘rvd): k=1,2,....,n, p=12.

(2.6), putting G, (z,y) into the equations (3.7) and (3.4) we obtain the representations
for p(z,n), ¢(z,n) and V,,(z), m € Z\{Z,}.
Theorem (3.2) is proved. O

The following theorem says that one can change the values of the finite number

norming constants a, by any positive number b,, # a,.

Theorem 3.3. Let p()\) is the spectral function of the operator L. Then the function
p(N), defined by relation

dp(A Z S\ — Az )dA

also is spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L

- d .
generated on half axis by the differential expression | = B e + Q(x) and the boundary

condition (2.2), for which p()\) is spectral function. Wherein, the potential function Q(x)
s

S (pmn) q(x,n) )
q(ZE,TL) —p(l’,n)

where p(z,n) and q(x,n) are defined by the following formulae:

p(z,n) “detS@ ZZ z) det S )(z,n),
k 1 p=1
1 n 2
q(z,n) aH_detS(x P 1; TV )detS Nz, n),

where S(x,n)is nxn square matrix S(z,n) = {0, + (' —a; " )v...,(x)}},-, and S (z,n)

are matrices, which are obtained from the matrix S(x,n), when we replace k-th column
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of S(z,n) by Hy(x,n) = {—(bz_j1 —a; Ve, p(2)}iey column, p = 1,2. And for the eigenfunc-

tions V,,(x) (m € 7) we obtain the representations

Va0 + 305 szkm ) det S (2, n)

1 n
(k)
Vina(z) + det S(z.1) 5 Uy () det Sy (2, m)

k=1

Now we want to add any finite number of new real eigenvalues u, # \,,, m € Z, to
the spectra, with positive norming constants ¢;, £ =1,2,...,n.

Theorem 3.4. Let p()\) is the spectral function of the operator L, then the function p(\),
defined by relation

dp( +ch (A — ) dA

also is spectral. Moreover, there exists unique self-adjoint canonical Dirac operator L

. d .
generated on half axis by the differential expression | = B e + Q(x) and the boundary

condition (2.2), for which p()\) is spectral function. Wherein, the potential function Q(x)
is

Q(I’) _ p(I,n) Q(x7n> 7
q(z,n) —p(z,n)
where p(z,n) and q(x,n) are defined by the following formulae:
p(z,n) =— ot S(x ;;Wkgp detS )z, n),

n

2
Z VP, p() det Sz(ak) (x,n),

q($7n> - x_'_ dets
k 1 p=1
and where Wy (z) = ¥(x, g, 0,), k = 1,2,...,n, and S(z,n) is n X n square matrix
S(x,n) = {0 + ¢;  wij (@) }12y (wii(x) =[5 WZ* YW;(s)ds), and Szgk)(x,n) are matrices,

which are obtained from the matrix S (z,n), when we replace k-th column of S(x,n) by
Hy(z,n) = {—c;'W, ()}, column, p = 1,2. For the eigenfunctions V,,(z) (for m € Z
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we obtain the representations

1 "oT

Vi (z) + W Z Wi(s)Vin(s)ds det S}k) (x,n)

n
k=10

Vool®) + o557 Z/Wk (s)ds det 5 (z, n)

and for the eigenfunctions Wk(x) (for k =1,2,...,n) we obtain the representations

, det S Z wkl det S ( )

The proofs of the theorems (3.3) and (3.4) are similar to the proof of the theorem (3.2).
Thus, we have proven, that one can perturb the linear potential of canonical Dirac op-
erator by adding, subtracting finite number of the eigenvalues and/or changing finite

number of norming constants with having changed potential function in explicit form.

Remark. We take the operator L(0, z,0) as a "model” operator for perturbing spectral
function. Analogues theorems can be proven for the second model operator L(0, z,7/2).
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