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AsstracT. In[7] the authors presented a cubically convergent Two Step Newton Tikhonov
Method (TSNTM) to approximate a solution of an ill-posed equation. In the present pa-
per we show how to expand the applicability of (TSNTM). In particular, we present a
semilocal convergence analysis of (TSNTM) under: weaker hypotheses, weaker conver-
gence criteria, tighter error estimates on the distances involved and at least as precise
information on the location of the solution.
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1. INTRODUCTION

In this study we consider the task of approximately solving the nonlinear ill-posed
operator equation

(1.1) F(z) = f,

where ' : D(F) C X — Y is a nonlinear operator between the Hilbert spaces X and Y.
Let B,.(z) and T(w), stand respectively, for the open and closed ball in X with center «
and radius r > 0. Let (.,.) denote the inner product and ||.|| denote the corresponding
norm. It is assumed that (1.1) has a solution, namely z, i.e., F(z) = f. We assume
throughout that f° € Y are the available data such that ||f — f°|| < ¢. Hence the
problem of computing of & from equation F(x) = f° is ill-posed (irregular) problem.
In such a case, it is necessary either to pass to regularized analogues of these meth-
ods on the basis of the iterative regularization principle ([1], [12], [16], [8], [9], [11],
[14], [18], [19], [10], [22]-[27]) or to apply these iterative processes to the regularized
equation([15], [16], [29])

(1.2) So(x) = F'(2)*(F(z) — f°) + a(x — x0) = 0
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for some fixed and appropriately chosen regularization parameter « and initial guess
7o (see [29]). It is known that the solution u’, of the equation (1.2) is an approximation
of & provided « > 0 is chosen properly (see [28]).

Observe that the operator S,(z) in (1.2) is the gradient of the Tikhonov ([17], [13],
[29]) functional .

O(x) = SF @) = £17 + alle = x|

In [29], Vasin considered the iterative method
(1.3) ul™ =k — [F'(uB) F'(uf) + al] ™ S, (uk)
and its modified variant in the form

(1.4) ul™t =k — [F' () F' (W) + al] ™S, (uk)

o

with @ > o for approximation of the solution v’ of the equation (1.2). The results in

[29], was proved using the following conditions
(1.5) [F' (@)} < N, 1 (2) = F'(y) || < Naflz =yl

where N; > 0, N, > 0 are constants. Recently, in [30], Vasin and George considered a

modified variant of (1.4), i.e., the iteration
(1.6) ugt = uf = [AT A+ BITHAN(F (uf) = v°) + alul — uo)], ug = uo,

where A := F'(ug), a > 0 is the regularization parameter and  is a constant. In [30],
instead of Lipschitz condition (1.5), the following center Lipschitz condition is used.

ASSUMPTION 1.1. Suppose there exists constants Ly > 0such that for all © € B(xq,r) C
D(F) and w € X, there exists elements ¢(x,xy, w) € X such that

[F'(w) = F'(o)lw = F'(z0)p(w, 0, w), [lp(, z0, w)|| < Lollw — woll[[w]]-

In[7], the authors considered the following Two Step Newton Tikhonov Method(TSNTM)
defined by:

(17) y(rsL,a - Ii,a - Ra(xi,a)_l[Aé(F(fo,a) - y6> + a(“i,a - [EQ)]
and
(18) xi+1,a - yi,a - Ra(xi,a)_l[A?)(F(yi,a) - y5> + Oé(yi,a - ‘7;0)]7

where z{, = 20, Ro(2) = (454, + od), Ay = F'(z), Ay = F'(20) and o > 0 is the
5

«

regularization parameter and proved that xi}a converges cubically to the solution z
of

(1.9) AP (20) + a(ad — z0) = Ajy’
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and that z° is an approximation of 7..

The semilocal convergence analysis was based on the following conditions which has
been used extensively in the study of iterative procedures for solving ill-posed problems
[31], [33], [36].

(C1) There exists a constant L > 0 such that for each x,u € D(F) and v € X, there

exists an element P(z,u,v) € X satisfying
[F'(2) = F'(u)lv = F'(u)P(z,u,v),  [|[P(z,u,0)[ < Lljv[|lz —ul]

In the present paper, we extend the convergence domain of (TSNTM) under weaker
sufficient semilocal convergence criteria. Moreover, the upper bounds on the distances
22 11,0 =0 oI, [|25, ,— 22 || are tighter and the information on the location of the solution
2° at least as precise (see Section 3).

There are cases when Lipschitz-type condition (C1) is violated (see Section 4) but
the weaker central-Lipschitz condition in Assumption 1.1 is satisfied. Note that L, < L
hold in general and LLO can be arbitrarily large [1]-[6].

In section 2 we provide a semilocal convergence analysis for (TSNTM) using As-
sumption 1.1 instead of (C'1). We shall refer to [30], [16] for some of the proofs omitted
in this study.

2. SEMILOCAL CONVERGENCE oOF (TSNTM)

In this section we present the semilocal convergence of (TSNTM) using Assumption
1.1. In due course we shall make use of the following lemma extensively.

LEMMA 2.1. Let Lor < 1 and u € B,(zg). Then (AjA, + «l) is invertible:

()
(AgAy +al) ™t = [T+ (A5Ag +al) AL (A, — Ao)] 1 (ApAg + )™t

and

(i) .
(A5 A+ aD) ™ A3 Aol < T,
where A, == F'(u).
Proof. Note that by Assumption 1.1, we have
1(A5Ao + al) T AG(Au — Aol = sup [[(AgAo + al) T Ag(A, — Ao)v

llvlI<1

= sup [[(A5Ao + aI)_lASA()(P(u,xO,U)H

loll<1

IN

LOHU - SL’OH S L()T < 1.
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So I+ (AjAg+al) P Aj(A,— Ap) is invertible. Now (i) follows from the following relation

AbA, + ol = (AjAg + al)[I + (AjAg + o) P A5 (A, — Ao)).

To prove (ii), observe that by Assumption 1.1, we have

I(A5Au + al) T AjAol = sup [[(AGA, + al) " AgAgu]

This completes the proof.

ol <1

= sup [|[{ + (AjAo + a[)_lAS(Au — AO)]_1

loll<1

(A% Ay + )" A% Ag||

< T Aide + ad) i Ave]
1

< .

- 1- L()T’

We need to introduce some sequences and parameters:

(2.1) e

a = ||yi,a - mfz,a”? Vn=0,1,---,

for 0y < (17 — 12v/2)./ay for some ay > 0 and |zo — || < p,

(2.2) p <

Let

(2.3)

(2.4)

(2.5)

and

(2.6)

\/1 +2Lo(17 = 12v/2 — Jo) —

Lo = pPo-
)

by = —p* —

1 2b,
r=— ,

Lol—bp+\/(1—bp)2—32bp

B 1 Ly , do
’-)/P_l_LOr[Qp +p+\/a—0]7

p=2Lyr,q = 2p°.
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Note that r is well defined, since £ < 1,¢ € (0,1) and b, € (0,17 — 121/2]. Also note that

1

r> and hence 8L3r® > Lyr, so we have

2v/2Lg
1+ Lor 1+ Lor
=822 T T =SIE(1 = Lor) "
B 14+ Lgr b
1 —8L&r2 + (8L3r3 — Lor) ©
@2.7) Lrlor %5, o

< —
— 1-8L%27" 1-¢q7”

In order for us to simplify the notation, let z,,y, and ¢,, stand, respectively for

22 .. Y0 o and €l . If we simply use the needed Assumption 1.1 instead of (C'1) we arrive

n,o)

at:

LEMMA 2.2. Suppose that Assumption 1.1 holds and v, is given by (2.5). Then, the

following assertion holds

€0 S Yo
Proof. Using (2.1), (2.2), (2.3) and (C'1)” we obtain in turn that

eo = [lyo — zoll = [|Ra(w0) " AG(F(z0) — f°)l]
= [|Ra(z0) " AG[F (w0) — F(&) — F'(x0) (w0 — )
+F'(wo) (w0 — &) + F() — f°]|
= ||Ra($0)_1A3[/01(F'(930 +4(& — wo)) — F'(w0))dt(x0 — 2)

+F (o) (wo — @) + F(2) = ]

< Tl [ @t i = o) a0, = )+ o - 2
HlRaleo) A5 (F () — )]

< (Rl — 6P + o — 8]+ S| F@) - 7]

< 5 _1L0T [%p2 +p+ %]

< _1L07, [%/P +p+ \5_2—0] =Y.

The proof of the Lemma is complete. With the notion introduced so far we can present
the semilocal convergence analysis of (TSNTM) using the next three results.

THEOREM 2.3. Suppose that Assumption 1.1 holds and § € (0, d]. Then, the following

assertions hold
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(a) Hxn - ynH < p”yn—l - xn—l” = Pén—1,
(b) Hxn - xn—l” S (1 + g)en—ly
(©) e, < qep1.

Proof. Using (1.7) and (1.8) we get that

fe et = s — at — Raner) A F () — Far)
+a(Yn-1 — Tn-1)]
= Ro(2n-1)"'[Ra(®n-1)(¥Yn-1 — Tn-1)
A (Flr) — F(nar)) — s — 0]
= Rt )45 [ 1) = Flracs 4t =01}
X (Y1 — Tn_1)dt
— Ru(en) Al /0 F () — F (o) + F'(z0)

(2.8) —F'(@p_1 + t(Yn-1 — Tp-1)) } (Yn—1 — Tp_1)dt.

In view of Assumption 1.1 and (2.8) we have that

1 1
n - In— < (I)n—, ,n_—n_dt
oo =tneall € ==l [ Oanorin s — 7]
1
| / O(n 1+ L — 1), 70, Tt — gt )]
0
< 1w l
Tyl — T
-~ 1—L07" 0 1 0
1
T / 120 = 70 + (gt — 1) [ dEllyas — Enl]
0
< 2L n—1 — Tp_
< Lol — ol
= Pllyn—1 — xn_1||] = pen_1.

This proves (a). Now (b) follows from (a) and the triangle inequality;

[z =zl < llzn = yn-all + gn-1 =zl
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To prove (c) we first use (1.7) and (1.8) to obtain in turn the identity

Yn = Tn = Tn = Yno1 — Ralwn) [AG(F(20) = [°) + ala, — x0)]
+Ro(2n1) " [AG(F (Yn-1) — ) + a(yn-1 — 0)]
= Ty — Yo — Ralwn) " [AG(F (20) = F(yn-1) + (2 — yo1)]
HRa(2n1) " = Ral2n) AT F (Yn1) = F°) + (Yo — 0)]
= Ro(%n) " [Ra(@n) (@0 — Y1) — AG(F(20) = F(yn-1))
— (T = Yo-1)] + [Ra(rn-1)"" = Ralwn) 7]
(2.9) X[AG(F (yn-1) = f°) + ayn—1 — x0)].

Then, again by Assumption 1.1 and (2.9) we obtain that
1
n < IRalen) 45 [ 1F() = F'(gos + 8 = i)l — o)
0

+||Ra<xn)_1(F/(xn) - F/(xn—1>)Ra(xn—l)_1[AS(F(yn—l) - fd)

+Oé(ynfl - 33'0)] H

1
< ||Ra(l’n)_lf43/ [F'(2n) = F'(Yn1 + t(2n — Yn1))]dt (20 — yn1)|l
0
+||Ra<xn)_1(F/(xn) - F/(xn—1>>(yn—1 - xn)”
1 1

< [Lo[llzn — ol + / [9n—1 — o + t(Zn — Yn-1)|dt]|| 20 — Yn-1l]

1-— LQT 0

+Lo[llzn — ol + |2n-1 — Toll]|n — Y1l
< [4L07“||yn_1 — l‘nH] = 4L0T(2L0’I")€n_1

1-— L(ﬂ’
= (€p_1.

This completes the proof of the Theorem.
THEOREM 2.4. Under the hypotheses of Theorem 2.3 further suppose that
(2.10) p<po and Ly < 1.

Moreover, suppose that

(2.11) U(zg,r) C D(F).

Then, x,,y, € U(xy,r) foreach n =0,1,2,--- .
Proof. We note by (2.10) that we have

(2.12) q€(0,1).
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Using Lemma 2.2, Theorem 2.3 and (2.11) we get that
|21 — 20|l < (14 Lor)eg < (14 Lor)b, <.

Hence, x; € U(xo, ). Similarly, we obtain that

(2.13) lyr = @oll < llyr — @1l + [lzr — o
(2.14) < @wu1+§@
(2.15) < g+ 1+ 5, < Lor <,

which implies y; € U(xzg,r). Moreover, we have that

|22 — 2ol < |2 — 21| + [J21 — 20|
P

P
1+ D)l = mll + (14 Dy,

IN

IN

p p
(1 + §>qbp + (1 + §)bp
- O+®O+§%<Lw§n
which also implies x5 € U(z, ). Furthermore, we obtain that

ly2 = ol < llyz — wall + [lz2 — o]

b
< gl — 2|+ A+ )1+ §)bp
< (12(1 + g)bp + (1 + q)<1 + g)bp

< (L4+q+a)(1+ Db, < Lor <

Hence, we proved that y, € U(zg, 7). Proceeding in an analogous way we prove that

T, Yn € U(zo, 7). That completes the proof of the Theorem.

THEOREM 2.5. Suppose that the hypotheses of Theorem 2.4 hold. Then, sequence

{a? .} remains in U(xo,r) for each n = 0,1,2,--- and converges to a solution z’, €

«

U(xo,r) of equation (1.2). Moreover, the following estimates hold
(2.16) |2, — 22| < boe™ 70",
where by = (1+ %)y, and 7o = —Ing > 0.

Proof. Using (b) of Theorem 2.3 and (2.10) we get that

m—1

(2.17) | Znsm — Tl < Z | Znpit1 — Tpgei|-

=0
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But, we have

(218) ||xn+i+1 — xn+i|’ S (]. + g)qn—i_i&o.

In view of (2.18), inequality (2.17) gives that

|Znsm —znll < [T+qg+F+---+q" " (1 + 5)60
2.19 1+ S)g"ep.

It follows from (2.19) that sequence {z,} is complete in a Hilbert space X and as such

it converges to some 2% € U(xg,7) ( since U(zg,7) is closed set). By letting m — oo we
5

IAS(F (2n) = f°) + alwn —20)l = [[Ralza)(@n —ya)ll
(IAGF" (zn)[| + )en

< (JJAGF (zn)|| + @)¢"y, — 0 as n — occ.

obtain (2.16). Finally, to prove z° is a solution of (1.2), note that

A

That completes the proof of the Theorem.

REMARK 2.6. (a) The convergence order of (TSNTM) is three [7] under (C1). In
Theorem 2.5 the error bounds are too pessimistic. That is why in practice we

shall use the computational order of convergence (COC) (see eg. [5]) defined by
%41 —iﬁill) [z — 23|
o~ In (— /In | ——— ).
|20 — 2] [EA—
(b) In the rest of this section we suppose that

(2.20) 00 <r

which is possible for xq sufficiently close to 7.

3. ERROR ANALYSIS

Next, we present the results concerning error bounds under source conditions. We

need a condition on the source function.

ASSUMPTION 3.1. There exists a continuous, strictly monotonically increasing func-
tion ¢ : (0,a] — (0,00) with a > || Ag||? satisfying lim,_op(\) = 0and v € X with ||v|| < 1
such that

o — T = @(AjAo)v

and

<cyp(a), VYA€ (0,a]
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REMARK 3.2. It can easily be seen that functions
eAN) =X, A>0

for 0 < v <1and
() = (ln3)™? , 0< A< e BHD
4 0 , otherwise

for 5 > 0 satisfy (C2) (cf. [35)).

THEOREM 3.3. [30, Theorem 3.1] Let 2° be as in (1.8), r be as in (2.4) and let ¢ = Lyr.
Suppose Assumptions 1.1 and Assumption 3.1 hold. Then
1 )
6 Al - (9O
loe = 2l < 7= q(\/a + o(a)).
THEOREM 3.4. Suppose hypotheses of Theorem 2.5 and Theorem 3.3 hold. Then, the
following assertion holds

1 )

— 7|l < —7on - (—_ .
ow = 21 < boe™ + (e + ()
Let
(3.1 ng = min{n :e " < i}
a

THEOREM 3.5. Let ns be as in (3.1). Suppose that hypothese of Theorem 3.4 hold.
Then, the following assertions hold
1+ b o

3.2) s = 2] < 37— . (pa) + ﬁ)'

Note that the error estimate ¢(«) + \/ia in (3.2) is of optimal order if o := s satisfies,

p(as)y/as = 0.
Now using the function (\) := A/ 1(A),0 < A < a we have § = /osp(as) =
P(p(as)), so that as = o1 (1»71(5)). In view of the above observations and (3.2) we have

the following.

THEOREM 3.6. Let )(\) := A\/o~1()\) for 0 < A < a, and the assumptions in Theorem
3.5 hold. For § > 0, let o := a5 = ¢ ' (¢»=1(5)) and let ns be as in (3.1). Then

12y — ]l = O(1(9))-

In this section, we present a parameter choice rule based on the balancing principle
studied in [21]. In this method, the regularization parameter « is selected from some
finite set

Dy(a) == {o; = plag,i=0,1,--- , M}
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where ;1 > 1, ap > 0 and let

o
n; :=min{n :e 7" < \/_Oé_z}
Then fori =0,1,--- , M, we have
||$151i7ai_xfxi SC\/OZ_Z‘7 VZZO,].,M
Let z; .= xia The parameter choice strategy that we are going to consider in this

paper, we select « = «; from D)/(«) and operate only with corresponding z;, i =
0,1,---, M. Proof of the following theorem is analogous to the proof of Theorem 4.4 in
[15] (see also [16]).

THEOREM 3.7. (cf. [15], Theorem 4.4) Assume that there exists i € {0,1,2, --- , M}
such that o(o;) < \/% Suppose the hypotheses of Theorem 3.5 and Theorem 3.6 hold

and let
)

NG

[ :=max{i: p(a;) < } < M,

)
k= max{i: ||z, — z;|| < 4c ., 7=0,1,2,--- i}
Q)

Then | < k and
& — x| < eip™'(0)

where ¢ = 6¢j.

Finally the balancing algorithm associated with the choice of the parameter speci-

fied in Theorem 3.7 involves the following steps:

e Choose o > 0 such that 6, < (17 — 12v/2),/ag and x> 1.
e Choose M big enough but not too large and «; := pfag,i = 0,1,2,--- , M.
e Choose p < pq.

3.1. Algorithm.

1. Seti = 0.
2. Choose n; = min{n : e7 0" < L1,

NG
3. Solve x; = ) . by using the iteration (1.8).
4. If ||lz; — =] > 46%,]’ < i, then take k = i — 1 and return x.
5. Else set i = i + 1 and return to Step 2.
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4. ExaAMPLES

Next we present two examples where (C'1) is not satisfied but Assumption 1.1 is
satisfied.

EXAMPLE 4.1. Let X =Y =R, D = [0,0), 29 = 1 and define function I on D by

1
it
1+ 1 + 1T + co,

7

where c,, c, are real parameters and i > 2 an integer. Then F'(x) = z'/" + ¢, is not
Lipschitz on D. That is (C1) cannot be satisfied. However, Assumption 1.1 holds for
Ly=1.

Indeed, we have

|F' () — F'(z)]| = |2/ — /|

| — w0
i1

xoi _|_._}_l'%
S L0|.Z‘ — IQ’.

EXAMPLE 4.2. We consider the integral equations
b
(4.2) u(s) = f(s) + 7‘/ G(s,)yu(t) ™/ dt, n € N,

Here, f is a given continuous function satifying f(s) > 0,s € [a,b], T is a real number,
and the kernel G is continuous and positive in [a,b] X [a,b].
For example, when G(s,t) is the Green kernel, the corresponding integral equation is

equivalent to the boundary value problem
(4.3) o' = oyttt
(4.4) u(a) = fla),u(b) = f(b).

These type of problems have been considered in [?], [2], [34].
Equation of the form (4.2) generalize equations of the form

b

(4.5) u(s) = / (s, tyut)"dt

studied in [?], [2], [34]. Instead of (4.2) we can try to solve the equation F(u) = 0 where
F:QCCla,b] — Cla,b],Q = {u € Cla,b] : u(s) > 0,s € [a,bl]},

and ,
F(u)(s) =u(s) — f(s) — 7'/ G(s, t)u(t)t/dt.

The norm we consider is the max-norm.
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The derivative I is given by

F'(u)v(s) =v(s) — (1 + %)/ G(s, t)u(t)™v(t)dt, v e Q.

First of all, we notice that I’ does not satisfy a Lipschitz-type condition in ). Let us
consider, for instance, [a,b] = [0,1],G(s,t) = 1 and y(t) = 0. Then F'(y)v(s) = v(s) and

/ / 1 ’ n
IF (@)~ Pl = Irl(1+ 3) [ (e
If F' were a Lipschitz function, then

1F(z) = F'(y)ll < Lallz —yll,

or, equivalently, the inequality
(4.6) /1 z(t)Y"dt < Ly max x(s),
0 z€[0,1]
would hold for all x € Q) and for a constant L,. But this is not true. Consider, for
example, the functions
2,(t) = 5 i>1, teo,1]

If these are substituted into (4.6)
_— <= "< Ly(14+1 > 1.
TR 1) S g o(1+1/n), Vj >
This inequality is not true when j — oo.
Therefore, condition (4.6) is not satisfied in this case. However, Assumption 1.1 holds.
To show this, let xy(t) = f(t) and v = mincpp) f(s),a > 0 Then for v € €,
I[F"(z) = F'(zo)Jv[| = |7](1 s 1 ) max I/ (s, ) (w(®)™ = F(6)™)u(t)dt]

n’ s€la,bl

1
< 1 Gn(s,t
< [7l(L+ ) max G (s

_ G(s,t)|x(t)—f(t
LUhere G’n(57t) - x(t)(nfl)/7L+x(t)(SL72))I/n(f)(t)lgn)_li__;’_f(t)(nfl)/n /U”
Hence,
R _ Tl +1/n) ’ N
[[F'(x) — F'(zo)Jv]| = D mex | G(s,t)dt[|x — x|
< Lollz — o],

where L %N and N = max,c[qp) fab G(s,t)dt. Then Assumption 1.1 holds for
sufficiently small 7. Other examples where Ly, < L or L does not exist can be found in
[1, 5].
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